
 

Irregular KZ equations from
Liouville Conformal Blocks

based on work w N Reshelikhin Y Liu

Motivation
two fold
1 AGT correspondence

4d Argyres Douglas
theories give rise

to irr operators in 2d

2 Topological phases of matter TQFTs

wave functions of Anyon states
are given by conformal blocks

What if we include irr defects

Background

We will consider 2d Lionville theory

S dt do 2 6 2 0 me

quantum theory 5 62 flows to

CFT with b n e e
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vertex operators Va eh X 9

degenerate operators

4ns exp l r b d resent

1 Irregular reps of Virasoro alg

In the simplest case of rank 1

La Iac Iac
h Iac c x Q Iac

L Iac Ax C2 Is c

is Liouville momentum
c arbitrary constant

can show

exp x 4 exp c 2 14 with as

is corresponding vertex operator

Modified BPZ eg
consider now the degenerate primary

O 0 IV Δ Q

null state L at b L 1K



F 2 V 510 K 2 VI 1 I a conforma
block

modified BPZ eq
b E

z Ax ACK Δ Ko AG

ca E I 0

where α mbt I charge conservation
screening charges

2 Integral representations
We introduce screening charges

at
positions wi

conformal blocks are given by
integrals Katz

Ef iI H

Wick contraction w plane

To Lefschett thimble yy.IE

0 critical point of W



Vb wi are excluded by charge conservation
we compute
W ITV wi Kayla Iaas

II Wi wy.TTaT wi 2a a1I z z
Exexp

f2 wi Kaza

where we set C

3 Irregular K equations

Let us define
E ACE w̅ d w

Twhere

ACE w̅ exp wi ZE.ly wi wi

t.FI log wi
z

F E d E OLE where

d E expffzfkizi E.IE log zi Z



Now for in M Ma mn with

Mick Emi m define

4 AE.ws I a IIw Hatw

Then the following holds

Theorem 1

Let F be a column vector

containing all 4 with Emi m

then

5222,4 A I I

where IT is the transpose of the
R matrix for the height m 5212,0
KZ equation and Ai acts as

A 0 Mi Ki



Idea of proof
Let 0 0 00,0 oh be the highest
weight vector for the tensor product
of N Se 2 representations

H X 2X H Y 27 X Y H

with

Sig 2i X Y Y X

Define
FCE w exp Ea W z Elizand

4 4 2 wi w Flew Fwm ud

then one shows

52,4 Hi z
4

and d d is the coefficient of
the basis vector

y.my Y w



One can use the irr.KZ to

prove the irr BPZ eq

Example
Let us consider the case of
one screening charge and Ko k I

F 404
where

dp due exp log w 2 log w 4 logfu 2

T b

As d satisfies the BPZeq.by
construction one arrives at

b 3 13 2 3 13 3

But this is our KZ equation
2 Kid il

and Kit

Kj Rij k rig


