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Two-dimensional sigma-models

Harmonic maps of two-dimensional Riemann surface ¥ to a
Riemann manifold M are of interest both in physics and
mathematics. They are critical points of the Dirichlet functional,
the sigma model action

S(X) = / Vhh®gi(X)0aX'0pX! dxdy = / gi(X)aX'ax .
z ba

(1)
Here the map ¢ : ¥ — M is represented, locally, by the
pullbacks X'(x,y) = &*x’, i =1,...,dimM, of the coordinate
functions (x') on M to ¥, with x, y local real coordinates on ¥
and (z, z) denote the complex coordinates on ¥, in the complex
structure determined by the conformal class of the metric h,p
via hapdy?dy® o dzdz. Finally, g;(X)dX'dX’ is a Riemann
metric on the target manifold M.
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O(N) sigma model

The target manifold is the unit sphere, M = SN~ with induced
metric.

@ Equations of motion
(—0,0: + u(z,2)) ¢'(2,2)=0, i=1,....N (2

The potential u is the Lagrange multiplier enforcing the -
constraint that the vector g € RN with the coordinates ¢’ lies on
the unit square

(g,9) =1 (©)
From (2) and (3) it is easy to get:
u=—(9:9,0:9) 4)
Most of our results are evenly applicable to the case of arbitrary
quadric
(9.9):=>_mid' ¢
-



Spectral curves from zero-curvature representation

Our main interest is in the double-periodic two-dimensional
sigma model, i.e. we take ¥ to be a two-dimensional torus

T2 = S' x S'. Its conformal structure is parameterized by the
complex number 7, with & 7 > 0.




Spectral curves from zero-curvature representation

Our main interest is in the double-periodic two-dimensional
sigma model, i.e. we take ¥ to be a two-dimensional torus

T2 = S' x S'. Its conformal structure is parameterized by the
complex number 7, with & 7 > 0.

The harmonic maps of the two-torus T2 to S® were constructed
by Hitchin via the zero-curvature representation for the principal
chiral SU(2) model. The latter is the compatibility condition for
the system of two linear equations

U(z,2) -y o V(z,2) -
(82—/\+1>\Il(z,z,)\)—0, <8z+ 1 >lll(z,z,>\)_0
©)

with U = X~"19,X and V = X~19; X.



The key result of Hitchin was a proof that the branch points of
the two-sheet cover of the complex A plane defined by the
characteristic equations

Ro(pa, ) :=det (o - I— By(A) =0 (6)
for the monodromy matrices
B.(\) = V(Z+wa, Z+ T, VNV (2,2,0),0=1,2  (7)

coincide and there number is finite.

The hyperelliptic curve defined by these branch points is a
normalization of the analytic spectral curves (6).




The serious drawback of the inverse reconstruction of the
harmonic map from the hyperelliptic curve and a point of its
Jaconian is the periodicity constraint. In general the
reconstruction gives quasi-periodic maps of the universal cover
of . The equations that single out periodic maps are given in
terms of periods of certain abelian differentials of the second
kind on the hyperelliptic curves. The equations are
transcendental and hard to control. Hitchin proved that there
are solutions to these equations for hyperelliptic curves of
genera 1,2,3, only.




Harmonic maps to S?

For further comparison with the results of that work, one more
observation made by Hitchin should be emphasized:

there is only one class of harmonic maps which can not be
reconstructed by algebraic-geometrical data, and those are the
ones for which the Floquet multipliers ., are constants.




Harmonic maps to S?

For further comparison with the results of that work, one more
observation made by Hitchin should be emphasized:

there is only one class of harmonic maps which can not be
reconstructed by algebraic-geometrical data, and those are the
ones for which the Floquet multipliers ., are constants.

These maps are known explicitly (Polyakov, Belavin)
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The Novikov-Veselov hierarchy

The NV hierarchy was introduced as the compatibility condition
of the system of linear equations

Hy := (-070z + u)y) = 0, (8)
(0, — Ln)¢ =0, 9)
where L, is a differential operator of the form
2n—1 ‘
Lp=02""+ > win(z,2)0; (10)

i=1

The compatibility condition of linear equations (8,9) is the,
so-called, Manakov’s triple equation

oy,H = [Ln, H] + BrH, (11)

where B, is a differential operator in the variable z.



The phase space

The NV hierarchy can be defined as a system of commuting
flows on a space P of self-dual wave (formal Baker-Akhiezer)
solutions of the Schrédinger equation (8), i.e. the formal
solutions of the form

(2,2, k) <1+Z§szz S) (12)

such that equations

Resso (4(2,2,K)O50(2.2.K) B = 60, s=0,1,...

holds.
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such that equations

Resso (4(2,2,K)O50(2.2.K) B = 60, s=0,1,...

holds.
P = {U(Z) Z)a XA (Z)v X3(Z)’ .. }

xs(2) == &s(2,0)
e 4 4444
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The flows

Given the formal BA series ¢(z, z, k) define:
(i) the wave operator

O=0,+) &(2,2)0;°

s=1

(i) the pseudo-differential operator
L=d8)07", = LyY=ky

(iii) the differential operator
n
£h =3 Fya
i=1
such that
£ =" - 2h = Y+ FVo; " + 0(072).

F,S” = Resy, L"



The flows Il

Now we are ready to define NV hierarchy explicitly.

Theorem

The equations

O = B5F50 4, (14)
Opytp = L2y (15)

define a family of commuting flows on the space P of self-dual
formal BA solutions of the Schrédinger operators.




Theorem

Let q(z, z) be a solution of the O(N) sigma model. Then there
exists a unique up to multiplication by (z, z)-independent factor,
ie.
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s=1
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the potential u given by (4) such that the constraint (3) is
invariant under the commuting flows

9,q = L2 g (17)
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v

Essentially, the proof of the theorem is the proof of the equality

(£2"1q,9) =0



O(N) sigma model on a two-torus

Lemma

Let u(z, z) be a double periodic function. Then there is a
unique up to the transformation (16) self-dual BA formal
solution of the Schrédinger equation (2) of the form

U(z, 2, k) = ekertk)z (1 +) sz, z)k—3> (18)
s=1

with double periodic coefficients (s, i.e.
CS(Z+wa7z+wa):CS(sz)7a:X7y7 (19)

and where ((K) is a formal series,

U(k) = iesk—s (20)
s=1




Theorem
The equations

O u = OzFS)

2n+1 (21)

with Fz(:gr1 = Resy L2™, where L is defined by the formal BA
solution defined above are commuting flows on the space of

double periodic functions.

Moreover if u = —(9,q, 93q) for some solution of O(N)-sigma
model then the constraint (q, q) = 1 are preserved by the flows

o,q = L2 g (22)

4




The algebraic spectral curve

Let g(z,z,t), t = (4, b,...) be a an orbit of q(z, z,0) under the
flows of the NV hierarchy. Taking the f, derivative of (2) and
using the equation

U= —(0z(L3"" q),02q) — (929,0:(£3" " q))  (23)

n

we get the equation
D (L‘i"“q) —0
where
D = 9,0: + (q© (9:9)") 9z + (9 © (9:9)") 95 + (929, 039)

is an elliptic operator on %.



An elliptic equation on X has only finite number of solutions.
Hence for all but a finite number of integers n there are
constants ¢ m such that for the operator

n—1
Ln= 201 43 opmL2m (24)
i=0
the equation y
L,g=0 (25)

holds.
Definition
A Schrédinger operator is called algebraic-geometric

(finite-gap) if it is stationary for all but a finite number of the NV
hierarchy flows.




Lemma

The operators L, defined above commute with each other

[Ln, L] = 0 (26)
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o

Lemma (Burchnall-Chundy)

Let L, and Ly, be commuting ordinary linear differential
operators of orders n and m, respectively. Then there exists a
polynomial R in two variables such that the equation

R(Lp, L) =0 (27)

holds.

A\
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Lemma (Burchnall-Chundy)

Let L, and Ly, be commuting ordinary linear differential
operators of orders n and m, respectively. Then there exists a
polynomial R in two variables such that the equation

R(Lp, L) =0 (27)

holds.

A\,

The affine curve defined by equation (27) is compactified by
one smooth point P, .
The corresponding algebraic curve I is called the spectral

curve.



For a generic pair of commuting operators of co-prime orders
the spectral curve is smooth and the common eigenfunction 1
of the commuting operators is the Baker-Akhiezer function:
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10. as a function of p € T it is meromorphic onT \ P, with
z-independent divisor D of poles of degree equals the genus of
r;

20. in the neighborhood of P, it has the form (12).




For a generic pair of commuting operators of co-prime orders
the spectral curve is smooth and the common eigenfunction 1
of the commuting operators is the Baker-Akhiezer function:

10. as a function of p € T it is meromorphic onT \ P, with
z-independent divisor D of poles of degree equals the genus of
r;

20. in the neighborhood of P, it has the form (12).

A priory in the problem under consideration there are two
spectral curves. One, which we have just discussed, and the
second one with marked smooth point P_ which corresponds to
commuting operators in the variable Z. In fact, these spectral
curves coincide.



Theorem

The spectral curve ' of an algebraically integrable operator H is
a curve with involution. In the generic case when I is smooth:
the points P are the only fixed points of o; the common
eigenfunction v of the operators L,, L, satisfying the equation
Hvy) = 0 in the neighborhoods of P.. it has the form

¥(2,2,p) = €47 <1+Z§n+(z,2)kl”>,p—> Py,

n=1

¥ (2,2,p) = €7 (1 +Y &z, 2)k‘”> ,p— P
n=1

and outside marked points P it is meromorphic with
(z, Z)-independent divisor of poles D satisfying the constraint

D+D° =K+ P, +P_ (28)

where K is the canonical class, i.e. the equivalence class of the




Periodicity constraint

The potential u(z, z) is periodic if and only if there are functions
wE on 'y such that equations

V(Z + wa, Z + Wa, P) = Wa(p) ¥+(2,Z,P) (29)

hold.




Periodicity constraint

The potential u(z, z) is periodic if and only if there are functions
wE on 'y such that equations

V(Z + wa, Z + Wa, P) = Wa(p) ¥+(2,Z,P) (29)

hold.

The differential dp, = d In w,, is @ meromorphic differential on '
with the poles at P of the form

dox = dky (1 + O(k7?)), dpj = 7dk (1 + O(k;?))

dox = dk_(1+ O(k=?)), dp, = 7dk_(1+ O(k=?)),
The definition of dp,, implies

f oo € 27T ¥ ¢E € Hy (T,2) (30)
(o



W,.-harmonic maps

Note that if the equations
(9.q,9,q) =0, 0<j<m (31)

hold then using the Shrédinger equation it is easy to see that
07(07'q,07'q) = 0. The model is invariant under a conformal
change of variables z — f(z), z — f(z). Hence if

(07'q, 07'q) # 0, then without loss of generality we may assume

that

(07'9,07q) = (—1)™*! (32)

We will call such solutions wy,,-harmonic. Notice, that for m > 1
they are conformal.




W,.-harmonic maps

Note that if the equations
(9.q,9,q) =0, 0<j<m (31)

hold then using the Shrédinger equation it is easy to see that
07(07'q,07'q) = 0. The model is invariant under a conformal
change of variables z — f(z), z — f(z). Hence if

(07'q, 07'q) # 0, then without loss of generality we may assume
that

(07'9,07q) = (—1)™*! (32)

We will call such solutions wy,,-harmonic. Notice, that for m > 1
they are conformal.

Recall, conformal harmonic maps are maps for which the
pull-back X*(g) of the target space metric g is conformally
equivalent to the worldsheet metric h on X. They are of special
interest in geometry since their images are immersed minimal
surfaces.



Reducible spectral curves

Let '+ be a smooth genus g- algebraic curve with the
holomorphic involution

g I'i — Fi, (33)
with 2(1 + n) fixed points
o(Ps) = P, o(pl) = pk (34)

Let us fix the o-odd local parameters k' in the neighborhoods
of the marked points P,

ki(o(p)) = —ki(p) (35)

The projection
7r:|_i»—>r3[ =TIi/o (36)

represents I'1. as a two-sheet covering of the quotient-curve ro
with 2(n + 1) branch points P, p!., the involution o permuting
the sheets.



Let dQ.(p) be a third kind meromorphic differential on r'% with
the divisor of poles at the branching locus (' +)? with residues
F1 at the marked points P.. The differential dQ2+ has g+ + n

zeros that we denote by +2*,

dQ.(79F) = 0. (37)

For each zero yg’i we choose one of its preimages on I, i.e.
a point v on 'y such that

T(vE) =", s=1,...,gs +n. (38)

(there are 29+%7 such choices). Below D, = ﬁ +...+ fyjﬁn
will be called the admissible divisor.



The BA function

For a generic set of data (Fi, o, Py, ki, pQE, ’ysi) and a matrix

G € O(2n+ 1, C), there is a unique pair of functions v+(z, z, p)
on T 1 such that:

10, Outside P.. the function 1+ is meromorphic with the pole
divisor D ;

20. In the neighborhoods of P the function 1+ has the form

¢(Z>Zap) = <1+Z€IJ7F(ZZ ) p— Py,

n=1

b(z,2,p) = €7 (1 +) & (2, 2)k:”> ,p— P_
n=1




30. The gluing equations
y:(2.2) = Gy_(2,2) (39)
where y. are vectors with the coordinates
yh=riyi(z,2,p)), i=1,...,2n+1, (40)

(I’j"E)2 = :Frespiiin (41)

hold.




The pair of functions ¢ := (¢4, _) is the Baker-Akhiezer
functionon I := (T [ |T-).
Theorem

The Baker-Akhiezer function v)(z,z, p) on T satisfies the
equation

(8282 - U(Z, 2))¢(2, 27p) = 07

with the potential u = 0;¢{ = 0,¢;
Moreover, the 2n + 1-dimensional vector

g=Hy,, HeSO2n+1,0C)
satisfies the equations:

(.99 =1, (d.q,9)=0, i>0




The elliptic CM system

The Egs. (30) are satisfied iff T+ is the normalization of the
spectral curve Cn,. of N.-particle elliptic Calogero-Moser (eCM)
system.

Recall that the N-particle eCM is the Hamiltonian system on
XN = T*(EN\diag) = {(p,-,z,-),’-L ’,O,' € (C,Z,‘ S E7 Z; ;ﬁ Zj, i #]},
E = C/Zwy & Zwo, which is governed by the Hamiltonian

V) \

N
Zp, +12Y " 0(z - zjwi,we) (42)

i<j




This is an algebraic integrable system with the Lax operator

ola+zi — z) N

oz~ z)o(0) “3

Le) =

pidj + v (1= 95)

ij=1

whose flows linearized on the Jacobian of the spectral curve
CnCM=Cx(E\{a=0})

N
R(k,a) :=Det(k — L(a)) = kKN + > KkNg(a) =0 (44)
j=1




Explicitly
R(k, o) = f(k + (@), @),

where

1 ) 1 1 .
f(p, ) = @ ° <a+ ap> H(p) = (@) Zmﬁao’(a) T

and H is the monic degree N polynomial

N—1
H(p) = p" + > i (46)
i=0

whose coefficients fy, ..., In_1 € C are the integrals of motion
of the the N-particle elliptic Calogero-Moser (eCM) system.
Their values parametrize the eCM spectral curves.



Turning points of the eCM system

A spectral curve of the eCM system admits a holomorphic
involution o under which the marked point P is fixed, i.e.

o(P) = P, if and only if it corresponds to a "turning point" of the
CM system (0, z)N ,.

In terms of /; the corresponding curves are those with /4y = 0.




Example. O(3) model

Let I be the spectral curve corresponding to a turning point of
N = 2/-particle eCM system. For generic values of the
parameters lye, ( and lgg = 0) the curve I is smooth of genus
g = 2¢ and has only two fixed points of the involution. Our
construction of the solutions for the O(3) sigma model requires
curves with involution having at least 4 fixed points.

The equations

0,F(0,0)=0,  89,F(0,0)=0 (47)

cut out an (¢ — 2) dimensional linear subspace in the space of
parameters l.,. The normalization of the singular spectral
curve has genus (2¢ — 3) and has 4 fixed points of involution.
The corresponding quotient-curve is of genus (¢ — 2).



Introduce the function

0(A(p) — Alps) — 2) 0(A(r1) + Z2) 0(A(n2) + £)

® =9(Alps) + 2) 6(A(P) — A1) — 2) 6(A(p) — Alz) — 2)
AR & Alps) —Aly) —Alog) 20 2)
6(A(ps) — A1) — Alrz) + 2U — 2)

x exp (2€22(p))
(48)
Then

4 _ A
10(2, 1) +id(2, o) = W(2) = cm Y (a-h) =0




