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1 Classification of degenerations of K3 surfaces with
finite symplectic automorphism groups.

Let X be a complex K3-surface. That 1s X is a compact com-
plex surface which has a non-zero holomorphic differential form
wx € Q[X] with zero divisor (Kx = 0) and with the irregu-
larity q(X) = dim Q'[X] = 0. Then H*(X,Z) with the intersec-
tion pairing is an even unimodular lattice L3 with the signature
(3,19). For a non-zero holomorphic 2-form wy € Q*X] we have

H?Y(X) = Q%[ X] = Cwy. The primitive sublattice
Sy = HA(X,Z)NH"(X) ={zr € HYX,Z) | 2-H**(X) =0} Cc HYX,Z)

is the Picard lattice of X generated by 1-st Chern classes of all linear
bundles over X . Primitive sublattice means that H*(X,Z)/Sx does
not have a torsion.

Let G be a finite symplectic automorphism group of X. Symplec-
tic means that for any ¢ € G, a non-zero holomorphic differential
form wy € H*'(X) = O?[X] = Cwy is preserved: ¢g*(wx) = wx.
For a G-invariant sublattice M C H*(X,Z), by MY = {z €
M | G(x) = z} we denote the fixed sublattice of M, and by
Mg = (M%), we denote the coinvariant sublattice of M.



By [Nik1], [Nik2], the coinvariant sublattice
Sq¢ = H*(X,Z)q = (Sx)g is a Leech type lattice: Sg is negative
definite, it has no elements with square (—2), G acts trivially on the
discriminant group As, = (Sg)*/Sa, and (Sg)¢ = {0}

For a general pair (X, G), the Picard lattice Sx = Sg, and ar-
bitrary (X, G) can be considered as Kéhlerian K3 surfaces with the
condition S C Sx on the Picard lattice (in terminology of [Nik2]).
The dimension of their moduli is equal to 20 — rk S¢.

Let E C X be a non-singular irreducible rational curve (that is
E = P). Equivalently, @ = cl(E) € Sx has o® = —2, « is effective
and « is numerically effective: a- D > 0 for any irreducible curve D

of X such that cl(D) # «.

Let us consider ¢ non-singular irreducible rational curves Fq, . .., E;
of X with classes a; = cl(E;) € Sx such that their orbits
G(E4),...,G(E;) are different (that is they don’t intersect).

Let us consider the primitive sublattice

S = [Sg, G(Ozl), Ceey G(Ozt))]pr = [S(;, a1, .. ,at]pr C SX

of Picard lattice Sx which is generated by the coinvariant sublattice
S¢ and by all classes of orbits G(E}), ... G(E;), and we assume that
S 15 negative definite.



Since S has no elements with square (—2), we have
rk S =1kSqg+1t <19

(19 is the number of negative squares of the lattice H*(X, 7Z)),
and elements of orbits G(aq),...G(ay) give the bases of the root
system A(S) of elements with square (—2) in S.

All curves G(E), ..., G(E;) of X can be contracted to Du Val singu-
larities of the types of connected components of the Dynkin diagram
of the basis (ADE-singularities). The group G will act on the corre-
sponding singular K3 surface X with the Du Val singularities.

For a general such data (X, G, G(Ey),..., G(E;)), the Picard
lattice Sx = S and the data can be considered as a degeneration
of the codimension t of Kahlerian K3 surfaces (X, G) with finite
symplectic automorphism groups GG. Really, the dimension of moduli
of Kahlerian K3 surfaces with the condition S C Sy on the Picard
lattice is equal to

20 —1k S =20 —rk Sg — t = (20 — rk S¢) — ¢,

where 20 — rk S¢ is the dimension of moduli of pairs (X, G).



We can consider only maximal finite symplectic automorphism
groups G with the same coinvariant lattice S¢ that is G = Clos(G).
By global Torelli Theorem for K3 surfaces [PS], [BR], it is equivalent
to

G|Sq = {9 € O(Sq) | g is identity on As, = (Sq)"/Sa},

in particular, G is defined by the coinvariant lattice Sg.

The type of the degeneration is given by the Dynkin diagram and
by its Dynkin subdiagrams

(Dyn(G(aq)), ..., Dyn(G(ay))) C Dyn(G(ay) U---UG(ay))

and their types. Numeration of Dynkin subdiagrams Dyn(G(«a;))
and connected components of the Dynkin diagram Dyn(G(aq) U
-+ UG (ay)) should agree.

In difficult cases, we also consider the matrix of subdiagrams which
is given by Dynkin subdiagrams
(Dyn(G(ai)), Dyn(Gley))) € Dyn(Gla;) U Glay))

and their types for 1 <i < j <.



By global Torelli Theorem for K3 surfaces [PS]|, [BR], the type
of the abstract group G = Clos(G), which is equivalent to
the isomorphism class of the coinvariant lattice S;, and
the type of the degeneration give the main invariants of
the degeneration. The Picard lattice S gives the much
more delicate invariant of the degeneration.

For groups G = Clos(G) of the order |G| > 6, the classification
of the types of degenerations and the Picard lattices S is given in

tables of [Nik9]—[Nik12].

[ give them below and comment. They give the main results of
the classification.



Table 1 qives classification of degenerations of the codim= 1.
Of course, it is the most important because it gives a description of
orbits G(E;). All of them have types mA; or mA,.

a) We have rk S < 18 because 1k S + 1 < 19. Groups G with
rk S¢ = 19 have no degenerations, and they are not presented in
Table 1. Lattices S = S¢ of all ranks were classified in my papers
(for Abelian groups) 1979, Sh. Mukai 1988, Xiao 1996, Kondo 1998,
Hashimoto 2010).

b) For degenerations (n = 10(G = Dsg),2A) and
(n=34(G = &4,),6A1)) only, the Picard lattice S of the degen-
eration is not defined by the type: for these cases, there are two
possibilities for S.

All possibilities are given in Table 1.

Table 2 gives classification of degenerations of codimensions
t > 2 for groups G with n > 12. Equivalently, either |G| > 12
or G = (Qs.

Then rk S < 19—t < 17, and groups G with rk S = 19, 18 are
absent in this table.

Genuses of the Picard lattices S of the degenerations are given in
the Table. By *, I denote cases (almost in all cases) when I prove
that the lattice .S is unique up to isomorphism.



Table 3 gives similar classification of degenerations of codi-
mensions t > 2 for the remaining group with n = 10, that s
G = Dg. Then rk S = 15, and there are degenerations of codimen-
sions t = 2, 3, 4. There are many possibilities.

Table 4 gives similar classification of degenerations of codi-
mensions t > 2 for the remaining group G with n = 9, that s
G = (Cy)3. Then rtk Sg = 14, and there are degenerations of codi-
mensions t = 2, 3, 4, 5. There are not so many possibilities than
for the previous case.



Additionally to Tables 1—4, in Table 5, I give
List 1, which is important for the classification of the Picard lattices
S for K3 surfaces. In tables 1—4, I additionally denote by o (old)
cases when a degeneration of K3 surfaces with a symplectic auto-
morphism group G has, actually, larger symplectic automorphism
group G with
|G| < |Gsl.

The group G5 has less orbits and less codimension than G7. For
classification of Picard lattices .S of K3 surfaces, the lines of Tables
1—4, which are denoted by o, must be deleted. In List 1, the type
of the degeneration for the group G4 is shown to the left from the
sign <=, and for the group G it is shown to the right.

These cases are very interesting since they give cases when for a
degeneration the finite symplectic automorphism group G increases
to G5 surprisingly.

These cases are similar to the case which I had found in 1975,
when I had shown that if a K3 gets 16 (sixteen) not intersected P!
(a degeneration 16A;), then it is Kummer and it gets a symplectic
automorphism group (02)4 with the orbit 16A;. That is C increases

to (Cg)4.



Table 1: Types and Picard lattices S of degenerations of codimension 1 of Kahlerian K3

surfaces with finite symplectic automorphism group G = Clos(G).

’nH]GHZ‘ G ‘rkSG‘ s ‘ Deg \rkS‘ qs ‘
1| 2]1]C | 8 277 Ay 9 2357
24, 9 277,457
21 3 1] C4 12 3+6 Ay 13 2,1, 36
3A, 13 211,370
34 [2]C3] 12 [20,47] Ay 13 257 417
24, 13 2,7, 4.7
44, 13 277,857
40 4 1] Cy| 14 257477 A 15 250 47
27, 15 47°
4A, 15 | 252,477,851
Ay 15 2714,
61 6 |1]| Ds| 14 [2;7,37] A 15 2.°,3%°
2A, 15 451, 3
34, 15 2,°,374
64, 15 41t 3+
9 8 [5]C3 | 14 [2/7,45°] 24 15 2,7,4:°
4A, 15 277,817
8A, 15 277,417
10 8 [3] Dg| 15 4 Ay 16 21 430
(2A,); | 16 2,7, 45"
(2A1)r | 16 277,47
47, 16 413 81
8A, 16 451
24, 16 457
12 8 [4] Qs | 17 2587 ] 8A 18 | 27,1651
Ay 18 22,8,7
16] 10 | 1| Dyy| 16 5H4 Ay 17 21 5+
54, 17 21 573
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n[[G]i] G |1kS¢] s | Deg |1kS | s
17 12 | 3 Ay 16 | 27,475,372 A 17 | 277,477,372
3A; 17 | 277,477,371
40, 17 | 2;7,8;1,3%2
6A, 17 47,371
124, | 17 | 2,7,8/%, 371
18] 12 ] 4 Dy, 16 2/}, 3+ A 17 215 3+
24, 17 | 277,411, 3+
3A, 17 2.°,373
6A, 17 | 27,471,373
21| 16 | 14 Cy 15 270,811 44, 16 2;4;%;2
16A; | 16 27}
22 16 [ 11| Cy x Dg | 16 277, 451 24, 17 457
4A, 17 | 277,457,871
8A; 17 277,487
26 16 | 8 | SDis 18 [ 271431877 8A,; 19 21+1,411+1,12§g1
2A, 19 2.1, 8,7
30 18] 4 Ass 16 371971 3A, 17 [ 2,1,373,971
9A, 17 2,1, 34
32 20| 3] Hol(Cs) | 18 22,513 24, 19 41 5%3
5A, 19 27 572
10A; | 19 4:1,5%2
5A, 19 2:1,572
33211 [CrxCs | 18 | 73 [ 7A; | 19 2,1, 72
34 24 ] 12 S, 17 433, 3%2 A, 18 | 251,413 3+2
2A, 18 | 257,477,372
34, 18 | 271 4.7 371
440, 18 | 431,871,372
(6A); | 18 | 2,747 37!
(6A);r | 18 | 2/7,4;7,3™1
8A, 18 432, 3%2
124, | 18 | 457,871 371
6A, 18 4,7,3%

11




’ n H |G| ‘ i ‘ G ‘rkSG‘ dse ‘ Deg \rkS‘ qs
39| 32 | 27 210, 17 277,447 811 4A, | 18 451
8A, | 18 [ 2/7,411 811
16A; | 18 217,487
140 32 [ 49 | QsxQs | 17 | 41° | 8A; [ 18 | 451 |
46 36 | 9 32C, 18 22,372,971 6A; | 19 [ 471 3+ 971
9A;, | 19 257,372
9A, | 19 251,372
48 [ 36 | 10 G333 18 2,7,3%3,971 3A; | 19 [ 243,372 971
6A; | 19 |41 372971
9A; | 19 2.% 33
49 || 48 | 50 210 17 2,7,871,371 4A, | 18 [ 27,477,371
12A; | 18 217,457
16A; | 18 27,371
51| 48 | 48 [Cyx &, | 18 277,437,312 2A; | 19 413312
4A; | 19 | 277,81,3%2
6A; | 19 477 3+
8A, | 19 [2;7,451,3%2
12A, [ 19 | 2,7,851,371
55 60 | 5 2As 18 2,7,3"1,572 Ay | 19 [27°,3F1 572
5A; | 19 [ 233, 3+ 571
6A; | 19 4t 572
10A, | 19 [ 471 3+ 571
15A; | 19 203 571
56 || 64 | 138 | Tasay 18 453 871 8A; | 19 4,781
16A; | 19 453
61| 72 | 43 sz 18 4,7,373 3A, | 19 [ 257,477,372
12A; | 19 871, 372
65| 96 | 227 | 2Dy 18 [ 2;7,450,871,371 [ 4A, | 19 455,371
8A; | 19 [2,7,871, 371
124, | 19 453
16A; [ 19 | 277,457,371
(7519211023 | 4%, | 18 | 27,87  [16A; | 19 [ 2,78 |
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Table 2: Types and lattices S of degenerations of codimension > 2 of Kahlerian K3 surfaces

with finite symplectic automorphism groups G = Clos(G) for n > 12.

’n\‘|G|‘i‘G‘rkSg‘ Deg \rkS‘ qs ‘
12 8 [4] Qs | 17 (8A1,8A1) C 16A; o 19 2,7,85" *
(8A1,8A) C 8A, 19 2.7 371 %
(8A1,Ay) C 8A; 1T A, 19 | 257,165" *
(AQ,AQ) C 2A5 0 19 25_1, 81_12 *
6] 10 1| D] 16 (A, Ay) C 244 18 242 5+
(A,5A,) C 6A, 18 242,573
(5A1,5A,) C 10A,; 18 247,572 «
(5A,5A) C 5A, 18 371,572 %
(A1, A1, 5A)) C TA, 19 243 573
(A1,5A1,5A,) C 11A, 19 213 5+2
(A,5A,5A,) C A TT5A, | 19 | 271,371 572
(5A1,5A1,5A) C 154, 19 2,7, 571 x
(5A1,5A1,5A,) C 5A, IT54A, | 19 | 271371 5+
5A; 5A, 10A,
5A;  5A, | C5A3| 19 411 5«
5A,
17 12 3] 2| 16 (A, A) C2A; 0 18 | 257,477,372 %
(A1,3A,) C4A; 0 18 | 2,7,417,37 1«
(A;,4A,) C 5A, 18 | 257,851 3%2
(A1,6A,) C TA, 18 | 271,447 3+ «
(A1, 12A,) C 13A,; 18 | 252,871,371 %
(3A1,4A;) C TA, 18 | 232,871 371 «
(3A1,6A,) C 3A3 18 207 477 *
(3A1,12A,) C 15A, 18 2.7 811 %
(4A1,4A1) C 8A; o 18 437 372
(4Aq,4A,) C 44, 18 2,7,37% %
(4A,6A,) C 10A,; 18 | 477,857, 3%
(4A1,12A1) C 16A, o 18 2,7,3 1«
(4A1,12A,) C 4D, 18 2,7,37 1«
(6A1,6A,) C 12A; o 18 2.7, 45% %
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((6A1 6A
6 )
(AlAK 1211&3 - o
(Al aAlaAl;) - 620
(A1’A174A C3A3 :
ALA 1,6A1)C6A1 : z .
(Al 31; ]-QAl) C 8Al ; i ]I ’3+1
(A1,5’)AA1,41§) - 14A1 : i : . |
(A1 41’12A1> C 8A1 o 19 2;2’4;}2 5
BURLY ) C 16Ar -
174A 74A 16A i 4_37 ’3+2
5 b Y 10 19 2+27 3F *
| : : : 2_:8—1 *
1’4A | ) — 10 19 2 2 5 3~
(A, 1,1’ 1) 114 1178“’ 1
( 76A : . , = 2*27 3~ *
Ay 1, 6A 1) C 1A : . : SL l
( ,6A 1) Alﬂl I : - |
3A 1, 12A £ 5 ’432 *
(3A 1, 4A 1) C 1 IT6A 4 19 | 2o 2;3 R
| = 2 L 2 0 19 31 +’3+3 *
A 1 : 1) 1]_[ 74 1 *
(3 1’4A ) A c11 o i 2_7 ’8_1
: 1 i 1) e A 3 73 5 3+
1’6A’ A 3A o i : ’ -
(4A 1’4A1)C 1114 472 *
1 4 1) BA A 19 2+II;3+]_
A Ay d C3A1H4D2 i : o |
4A27 ™ 3114 4 1 74;26
4A SA C 12 = i . :
1 4 1 Al i 5 ’3_2 |
: AQ i 257 *
(4A, ingl GgAl C 4A 9 82;2 8*
47 : : e §1
(4A( A176X6A1) )CC _ 19 1 73+2 *
i 6X6A1) 4A2H1 0 41
) I)C C16A 6A1 I | ’3+2*
4A s I :
1 I 6A | !
2 O 19 4;_11 ’3+1
L 2]_2,3+2 * *
83]1,85_1 *
, 3t
*
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o [lG[li] & | Deg ESIT
18 [ 12 D1, (A1,2A,) C 3A,; 18 | 247 441 3+
(A1,3A) C 4A, 18 241373 %
(A1,6A) C TA, 18 | 277,471,373 «
(2A,3A,) C 5A, 18 | 27,4371 373
((2A1,6A,) C 8A,), 18 4,737 «
((2A1,6A,) C 8A)),, 18 2,373
(2A,6A,) C 2D, 18 2,7,3%3 %
(3A1,6A1) C 9A, 18 [ 253 471 372 %
(3A1,6A) C 3A; 18 2,432 &
(6A1,6A,) C 12A, 18 4372372 «
(6A,6A) C 6A, 18 | 277,371,971«
(A,2A1,3A,) C 6A, 19 [ 247,471,373 %
A 3A;  TA
201 (8A,); | Cc9A, 19 | 21,452 33
6A,
Ay 3A, TA
24; 2Dy | C A, 112D, 19 2.3 3%3 &
64,
(A1,3A1,6A,) C 10A, 19 [ 2,745 372 %
1 4A1 7A1
3A;1 3A; | C A TI3A; 19 273 3+2
64 7
(A1,6A,,6A,) C 13A, 19 | 241452 372 %
(A1, 6A1,6A;) C A IT6A, 19 [ 277371971 %
2A; 5A; (8A;);
34, 9A, | C 114, 19 | 2341 402 372
6A,
2A; 5A 1)1
34, 3Az | C2A,113A5 | 19 | 252 451 3+2
6A,
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2A; 5A; (8A))s;
3A, 3A; | C2A,113A; | 19 | 277 4% 32
64,
2A; 5A; 2Dy
3A; 9A, | C 3A, 112D, 19 243372 %
64,
2A, (8A1)1 (8A1)H
6A;  12A; | C 14A, 19 | 277,411,312
64,
2A; (8A1); (8A1);
64, 6Ay | C2A,116A; | 19 |45%,371 971 «
64,
2A; 2D, (8A));
6A; 12A; | C 2D, I16A, 19 471372 &
64,

(3A1,6A1,6A) C 15A, 19 [2;5,4;%37 1 %
(3A1,6A1,6A) C 3A; IT6A, 19 27,971 «
3A; 3A;  9A,

6A; 12A; | C 3A3116A, 19 | 252451, 3% %
64,
3A; 3A; 9A,
6A; 6Ay | C3A; 19 242,371 «
64,
n |G| i] G| Deg |tk S | qs
21 [ 16 | 14 | C3 (4A1,4A) C 8A, 17 27,811 %

(4A1,4A1,4A,) C 12A; o 18 27,457 *

(4A1,4A1,4A,,4A,) C 16A, o 19 2,7,8:1 %
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’nH|G|‘z ‘ G ‘ Deg \rkS‘ qs
22 16 | 11 Cg x Dg (2A1,2A1) C 4A; o 18 48_4 *
(2A1,4A,) C 6A, 18 43 851 x
(2A,8A,) C 10A, 18 441
((4A1,4A1) C 8A1)[ o 18 4:{4 *
((4A1,4A,) C 8A))rs 18 2,7,857 *
(4A1,8A;) C 12A,; 18 | 277,457 83" «
(4A1,8A) C 4A3 18 217,457 *
(8A,,8A,) C 16A; o 18 277,457 %
(2A1,2A1,4A1> C8A o0 19 4(—;—2,8;—1 *
(2A1,2A1, 8A1) C 12A; o 19 4;_3 *
(2A4, (4A1,4A1) 1) C 10A, 19 4:1,8,% *
(2A,4A,,8A,) C 14A, 19 4,7,857
2A; 6A; 10A,
4A,  4A; | C 2A, 1 4A, 19 453 «
8A,
((4A1, 4A1)7, 8A1) C 16A; o 19 453 %
40, (8A)r 12A,
48,  4A3 | C4ATT4A5 | 19 2,7,8:1 %
8A,
30 18] 4 RAss (3A1, 3A;) C 6A,; 18 252,372,971 %
(3A1, 9A)) C 124, 18 207,378 %
(3A1, 9A1) C 3Dy 18 373 %
(9A, 9A;) C 9A, 18 373 x
(3A1, 3A, 3A,) C 9A, 19 [2:°,371 971 «
(3A1, 3A;, 9A,) C 15A, 19 277,372 %
3A; 6A; 12A,
3A, 3D, | C3A, 113D, 19 211, 3%2 &
9A,
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| n
34 H -
|
24 ‘ :
12 ‘
G
S
4 ‘ rk S
17G ‘
((Iih’ADeg
(A172A1) -
1 2
[ =
(}5 (6A1) C4Ai ; s
1
(A 1 ’ISAUI) c5A : 19 ‘
(1,éA2A1> C n& 19
(2A3A 2) 1C) C 9A 1 19 4T qs
: A 131 19 2+113
(2 1 A A 1 73+
A7<6A 1) ST 1 19 2t 4744-2 2
(3&12 1) C6 6A 9 1 33”’3+*
(3A | H) A | 274+173_ 2
1’4A1) : 1 19 Jr11 1 *
(3‘&’ (6 1) - SA 1 2# 74’8;r1 *
(3A1 it C 4A1 9 2+11 6 3T
( ’8A II) 7A | D 71 ’432’3-"—1 2
4Al71 1) . 1 1 2—}—74_1 ,3 *
( 2A C 9 T 5 = *
3 (fﬁlh% 1) anAg 19 25 274;’28% .
9 1’(6A1) . = 1 19 478+Il’3+7 3-1
<4A,<6 1 A 37 1
32 A )I> 8A | 19 2+2+27 ’3+ S
( 1,8 1) C 1 112 73—{-1 2
2 ( 4A A I | 19 78+ ES
| 7 4 . 1) 10 : | *
40 A 178)CC A 19 11 ’3_
4 H o4 (41712A 1 10Al 2+ 4’81 1
9 32 C (((4A Ay All)CQA 1 : 211 ;35 ’3_*
| ‘4 2 6A1,6712)C 4A10 19 ;L1’422>k T
9 | 1 1) A, Aq) 16 3 19 2+274+ : *
S*Q ((6 1) AI) 4A 4]D)10 9 62 11’ ;_1*
240 8 \ (4A1)I,8A11) 1 Hg : 2?;28#’3” *
3 17 <4A 17121> 11 A 19 8+’8’13+1 *
7 ‘ E8A1’8A 1) 2 C 2A11 0 19 2?2T17312 *1
1 I 7
(iAl’iAig C 182Al > 19 4;%31’; *
(4 Av A C1AO 9 8_1’3 |
A 1,4 1) 6A1 ° 19 3 1 *
hiﬁliml 0 o 2, 4§§’+1 I
| : : : 274% *
C 62 ’
16&10 ‘ 13 442’;13?+1 %
0 ’7 *
19 | 213;35*1 *
19 [78_1
272 4+35
II 5 *
,87 *
2271
1178’3_1
51 :
*
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Table 3: Types and lattices S of degenerations of codimension > 2 of Kahlerian K3 surfaces

with symplectic automorphism group Ds.

’nH]GHi‘G‘rkS(;‘ Deg ‘rkS‘ qds ‘
10 8 [3]Dg| 15 (A, A1) C2A; 0 17 450 %
(Aq, (2A1)r) C 3A, 17 241 447
(A, (2A1)17) C A 17 457
(A, 4A)) C 5A, 17 | 281 473 831
(A1, 8A,) C 9A, 17 271 451
(Al, 2A2> C A II2A, 17 2;_1, 4}}4 *
((2A1)], (QAI)II) C 4A, 17 4_7‘_5 *
((2A1)7,4A) C 6A;); 17 | 247,452, 8]7
((2A1)1,4A) C 6A);; 17 | 287,477,817
((2A1)17,44A,) C 64, 17 | 257,477,817
((2A1)7,44A,) C 243 17 247,455 «
((2A1)],8A1) C 10A, 17 2;2,4;3 *
((4A1,4A,) C 8A)); 17 471857 *
((4A;,4A,) C8A);r 0 17 277,457 %
(4A1,4A,) C 44, 17 477,37 &
(4A1,8A1) C 12A, 17 447,871 «
(4A1,8A,) C 443 17 453 %
(4A1,2A,) C 4A, 1 2A, 17 4,7,85" *
(A1, AL, (2A));) C 4A; o 18 450 «
(A1, A1,4A,) C6A; 0 18 413 81 &
(A1, A1, 8A) C 10A; o 18 451
(Al, (2A1)[], (QAl)I) C Ag I 2A, 18 4;4 *
Al ?)Al 5A1
(2A1); (6Ay); | C7A, | 18 | 231 442 8"
47,
(Al, (2A1)[, 4A1) cA I 2A3 18 2;_1,4;_3 *
(Al, (2A1)[], 4A1) C Ag T 4A, 18 4;_3, 8?_1
(Aq, (2A1)7,8A1) C 114, 18 21 417
Al 5A1 5A1
4A; (8A;); | C9A, | 18 | 24t 4f! 8.2
47,
(Al, 4A1, 4A1) C A IT4A, 18 2;_1, 41‘_3, 3T %
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| n [ G [1kSg | Deg (kST gs
10 Ds| 15 (A,4A1,8A) C 134, 18 | 271 457 811
(A, 4A,8A,) C A TT4A; 18 21 477
(A1, 4A1,2A5) C 5A; 124, 18 | 251,477,871
(2A1); 4A;  (6A,);
(2A1);;  6A; C 8A,; 18 453 81t
47,
(2A1)[ 4A1 (GAl)[[
(2A1);;r 64 C 8A, 18 413 811
44,
(QAI)II 4A1 6A1
(2A1)1 2A3 C2A1H2A3 18 42_4*
47,
(2A1)1 (6A1)r (6A1)rr
48,  (8A);r | C 104, 18 242 852
44,
(2A1)1 (6A1);  (6A1);
480,  (8Ay);; | C10A; 0 | 18 454
47,
(2A1)[] 6A1 6A1
4A; (8A,)r | C 10A, 18 217,842
44,
(2A1)[1 6A1 6A1
4A; (8Ay)rr | C10A; 0 18 444
448,
(2A1)r (6A1)r (6A1)r
4A, 4A, C 24, IT4A, | 18 | 242,452 3! «
47,
(2A1)11 6A1 6A1
4A; 4A, | C 24, TT4A, 18 | 2f7,4;7, 3
47,
(2A1); 2A5 (6A));
48, (8Ay); | C2A5114A; | 18 | 242,441 851
447,
(2A1)[ 2A3 (6A1)[[
40, 4A, C 245 18 252,417 %
44,

20




’ n H G ‘rkSG ‘ Deg ‘rkS‘ qs
(2A1); (6A)); 10A,
10 | Dg | 15 48,  12A, | C 14A, 18 | 252,471,853  *
8A,
(2A1); (6A1); 10A,
4A;  4Ag | C 2A 114A; | 18 252,48
8A,
(2A1); (6A1);; 10A;
4A,  4A; | C2AI14A5 | 18 2,2, 477 *
8A,
(<2A1)[,4A178A1) C 2A3 II 8A, 18 222,452 *
4A, (8A1)1 (8A1)H
4A;  (8Ay); | C12A;0 18 | 277,471,851 *
48,
4A1 (8A1)] (8A1)[
47, 4A, C4A; TT4A, | 18 | 41 851 3+
47,
401 4Ay (8AY)r
48, 4A, C 4A3 0 18 2,7, 457 *
4A1
40, (8Ay);r 124,
4A;  12A; | C 16A; o 18 277,487 *
8A,
4A1 (8A1)] 12A1
48, 4A3 | C4A; TT4Ay 18 451,851 *
8A,
4A1 4A2 12A1
48, 4A; | C 4Dy 18 482 x
8A,
(4A1,4A1,2A,) C (8A}); 11 2A, 18 847 *
(4A1, 4A1, QAQ) C 4A, 11 2A, 18 41_12, 3T %

21




Deg ‘ rk .S ‘ ds
Al 2A1 3A1 5A1
Al 3A1 5A1 _ _
10 | Dy (9A)); (6A)); C 8A; 0 19 472,851 «
4A,
A; 2A; B5A;  BA,
A; BA;  BA, L1 o
1A, (8A)) C 104, o 19 451,8,% *
4A,
(Al, Al, (2A1)[, 8A1> C 12A; o 19 4;3 *
(A, Ay, 4A;, 8A)) C 14A, o 19 4,781
(Al, Al, 4A1, 8A1) C 2A1 H4A3 o 19 4;_3 *
Al Ag 3A;  5A,
(2A1);;  4A;  8A, _2 o
(2A1)[ <6A1)[ CA3H6A1 19 4427851
4A,
A As 3A;  5A,
2A 44,  6A ,
(2A1)11 (2A11)1 QA; C 3A3 0 19 443 &
4A,
A;  3A, 5A;  5A,
(2&1)] 2A3 (6A1)[ — —
1A, (8A | © A TI2A3TT4A, | 19 | 257,451,871 %
44,
A As  B5A;  BA,
2A 6A;  6A
(281)u 4A1 (8A11)I C AgIT8A, 19 451 842
4A,
Al 3A1 5A1 5A1
2A 6A 6A
(2801 (4A11)f (41§2)1 C3A IT4A, | 19 | 257,457, 3% «
4A,
(Al, (2A1>[[, 4A1, 4A1) C Ag H4A2 19 47_3,3+1 k
A;  3A,  5A;,  9A,
(2A 6A1); 10A
i (4A?I loa, | €151 0 19 | 2,457,851 «
8A,

22




n[G] Deg [1kS ] gs
10 || Dy (A1, (2A1)7, 4A;, 8A}) C Ay 11 2A3, T18A, 19 2.0 4.7 «
3 6
Ay 3A;  BA;  9A;
<2A1)I (64%1)1 14()@1 C SA]_ 11 4A3 19 25—1’ 422
8A,
A 5A;  BA;  BA4
4A
VOO BRI coatan, |10 | o a8t s
4A,
A, 5A;  BA;  9A,
44, (8A
L (iAll)’ 1421@1 C 5A; IT 4A, 19 | 25,451,871 «
84,
A 5A; BA;  9A,
44, iﬁi 142}@ C A, 114D, 19 9i1 42
8A,
A; 5A;  5A;, A II2A,
4A; (8A1); 4A; II2A
| (iAll)f b Toa | COAII2A, | 19 24!, 847
2A,
(A, 4A1, 4A1, 2A,) C A T16A; 0 19 | 231477 3% «
(2A1);  4A,  (6Ay); (6A1);
(2801 Zﬁil <§1‘§1) C 124, 19 4, 8¢
1 1)1
44,
(2A1)[ 4A1 (6A1)[ (6A1)[
2A A
R N LR R
44,
(2A1);  4A;,  (6A1); (6A;);
(281)n iﬁl Zﬁl C 4A, TT4A, | 19 478,31 4
1 2
4A,

23




'n |G| EXl gs
A1) OA, 4A1 6A1
4A; (6A1)r (8Ay)s 42 g1
10 || Dg (2A1 24 C 6A; 11 2A; 19 478
4A
@A 4A, GA,  GA,
(QAI)I 2A3 6A1 II +3
4A1 4A2 C 2A1 11 2A5 19 45 *
4&1
(2A1);r (6A1)rr (6A1); 1)1
4A;  (8Aq); Ap)r +2 o+l
s (8A1)H Cl4A 0 | 19 | 4728
4A
(2A1>][ 6A1 6A1 6A1
4A; (8A1)r (8Ay); 2 o1
| (sa | € 1A 19 | 452 8;
4A,
(2A1)I (6A1)II (6A1)I (6A1)I
44 (i“zll)f (i‘LXQ)I C A TT4A, | 19 | 252,871,371 4
4A,
(@A), 6A, GA,  GA,
A (84‘%1)1 (8&31 C 6A; 11 4A, 19 | 232,851, 3!
4A
(2A1)1 (6A1);r (6A1)r (6A1);
4A1 4A2 (8A1 )[[ +3
4A1 4A2 C 2A1 11 4A3 o 19 45 *
4A,
(A1), 6A, GA, GA,
4A; 4As (8A1)r 43
AA, AA, C 2A114A5 o 19 45 *
4A
(2A1); 2A3 (6A;); (6A);
Hhe G GBI Congtran, | 19 | o a3 s
4A,

24




Deg

\rkS‘

qs

4A, (6A1); (8A1); (8A1);
(2A1);  2A3  (6Ay)gs
47, 4A,

44,

C 4A, 1T 2A4

19

+2 o+1
26 787

(2A1>1 (GAl)[

444

(6A1>II
(8A1)[
4A,

10A,
12A,
4A3
8A,

C 6A; IT4A;

19

—2 o-1
257,857 *

10A,
124,
4A3
8A,

(2A1); 245 (6A;);
4A (8Aq);

4A1 C6A3 (]

19

—2 1
2,45 *

(2A1); (6A1); (6A1); 10A;
4A1 4A2 12A1

4A1 4A3

8A,

C 2A, 114Dy

19

+2 441
267,47 *

4A1 (8A1)]1

444

(8A1);
(8A1);
4A4

(8A1)]

(8A1);

(8Aq1) 1
4A,

C 16A1 0

19

4;3 *

4A, (8A1)r (8Ay),
4A, 4A,

444

(8A1);
(8A1) 11
4A-
4A1

C 4&1 H4A3 0

19

-2 Q-1
2[[ ’ 85

4A, 4A,

444

(8A1); (8A1)s
(8A1)] (8A1>I
4A1 4A2

4A,

C 8A,

19

41,372

1A, (8A)); (8A;); 4A;112A,
4A, 4, 4A, T12A,
4A,  4A; TT2A,

2A,

C 4A1 H6A2 0

19

85,3

25




Table 4: Types and lattices S of degenerations of codimension > 2 of Kahlerian K3 surfaces
with symplectic automorphism group (Cs)?.

’nH|GH G ‘ Deg \rkS‘ qs ‘
91 8 [ (Cy)? ((2A1,2A)) C 4A)); 16 272, 45" x
((2A1,2A1) C4A ) 0 16 27 477 x
(2A1,4A,) C 6A, 16 | 27},437 81" «
(2A1,4A,) C 2A; 16 2 477 x
(2A1,8A1) C 10&1 16 21_14,422 *
(4A;,4A,) C 8A, 16 25,477
(4A1, 8A1) C 4A3 16 2}}6 x
(8A1, 8A1) C 16A; o 16 2}_]6 *
2A; (4A1); (4A,);
281 (4Aq); | C6A, 17 435
24,
((2A1, 2A1)], 4A1) C 8A, 17 2}}2, 43_27 81"_1 *
((2A1,2A1)7,4A,) C 8A; o 17 2783
2A; (4A1); 6A,
201 2A; | C2A,112A; 17 207,483 %
48,
((2A1,24A,)7,8A1) C 124, 17 207,457 %
(2A,4A,,4A,) C 10A,; 17 207,437 %
(2A1,4A1,4A) C 2A3 IT4A, 17 21 81«
17 7
(2A1,4A,,8A) C 2A, IT4A; 17 2743 x
(4A1,4A,,4A)) C 12A,; 17 27,851
2A1 (4A1)[ (4A1)] (4A1)[
20 (4A1)r (4Aq); 4
o, (4a)); | € 8A; 0 | 18 454 x
2A
2A; (4A1); (4A)); 6A,
2A;  (4A); 6A, +3 otl
on, 6a, | C 104, 18 453 811 x
44,
2A1 (4A1)] (4A1)] 6A1
2A;  (4A,); 6A, s
924, 244 C 4A 11 2A4 18 46 *
448,

26



’ n H G Deg \rkS‘ qs
2A1 (4A1)] (4A1>[ 10A1
, 2A;  (4A)); 10A
3 1 1)1 1 +4
9 || (Cy) ok, 10A, C 14A, 18 4
8A,
((2A1,2A)7,4A1,4A,) C 12A,; 18 4% %
((2A1,2A,1)7,4A,,4A)) C 12A; o 18 277,457 *
2A; 2A; (4A)); 6A,
4y gﬁi 221 C 2A5 11 6A, 18 | 277,471,851 «
47,
2A; 2A; (4A)); 6A,
48 gii Sﬁ; C 4A5 0 18 272,472 «
47,
((QAl, 2A1)], 4A1, 8A1) Cc4A I 4A3 18 21_12, 42_2 *
(2A1,4A1,4A1,4A,) C 14A, 18 | 277,451,850 %
(2A1,4A1,4A,44A,) C 2A5 11 8A, 18 277,487 %
(4A1,4A,,4A,,4A) C 16A, o 18 277,487 %
2A; (4A1); (4A)); (4A)); 10A,
2A;  (4A1); (4A;); 10A,
2A1 (4A1)[ 10A1 C16A10 19 4;_3*
24,  10A,
84,
2A; (4A)); 6A, 6A; 6A,
2A;  6A; (4A)); 6A,
4A;  6A;  8A; | C8A;II2A; | 19 4,2,851 *
20, 24,
47,
2A; (4A)); 6A; (4A1); 6A,
2A;  2A; (4A,); 6A,
4A,  6A; 8A; | Cc2A114A50 | 19 433
28, 24,
47,

27




’ n H G Deg \ rk S \ qs
20, (4A,); (4A,); 6A; 10A,;
2A1 (4A1)] 6A1 10A1
9 | (Cy)3 2A;  6A; 10A, | Cc6A;114A; | 19 433 %
44,  4A,
84,
((2A1,2A1)7,4A,,4A,4A,) C 16A, o 19 | 27,8 *
2A; 2A; (4A)); 6A; 6A,;
4A;  6A;  8A; 8A,;
2A;  2A3 6A; | C4A31T4A, 0 | 19 | 2;7,8:51 *
4A1 8A1
4A1

28




Table 5: The List 1.

The list of cases when a degeneration of K3 with a symplectic
automorphism group G; from Tables 1—4 has, actually the full
symplectic automorphism group G5 from Tables 1—4 which con-
tains G1, and |G| < |Gs|. The group G, has less orbits and less
codimension of the degeneration than G;.

(m =09, ((2A1,2A1) C4A);;) < (n=21,44A)
(n =09, (8A1,841) C 16A;) <= (n = 21,16A,)
(1’1 =9, ((2A1, 2A1)[I,4A1) C SAl) < (n = 21, (4A1,4A1) C 8A1>
201 (4A1); (4A1); (4Aq);
201 (4A1); (4Aq);
2A1  (4A4);
2/
(1’1 =9, ((2A1, 2A1)[1,4A1,4A1) C 12A1) < (Il =49, 12A1)

2A1 2A3 (4A1)] 6A1
B 1A, 6A, 8A B
(1’1— , 28, 24, C 4A3) — (1’1 = 22, (4A1, 8A1) C

47,

(n=9, C 8A1) <= (n =40, 8A,)

4hy)
(Il =9, (4A1,4A1,4A1,4A1) C 16A1) < (n = 39, 16A1)

oA (4A1); (4A1); (4A1); 104,
oA, (4A1); (4A1); 104,

(l’l: , 2A (4A1)] 10A, C 16A1) < (Il = 506, 16A1)
2A,  10A,
8A

29



2A; (4A1); 6A; (4A,); 6A,
2A; 243 (4A1); 6A,

(n=9, 4A;  6A;  8A, | C2A;I14A,)
20,  2A;
4A,
2A; 6A; 10A
— (n=22 4A;  4As | C 24 TT4A)
8A

(Il =9, ((2A1, 2A1)][,4A1,4A1,4A1) C 16A1) < (Il =75, 16A1)

28, 2A5 (4A1); 6A; GA,
4A;  6A; 8A; 8A
(Il =9, 201  2A5 6A, C 4A5 10 4A1)
4A; 8A,
4A,
40, (3A);r 124,
< (Il = 22, 4A,  4A; C 4A, 1T 4A3)
8A,

A A)) C2A1) < (n=22,2A)

(4A1,4A1) C 8Aq) ;) < (n=22,8A)

A, AL (2A)7) C4A) <= (n =39, 4A)

Ay, A 4A1) C 6A) <= (n=22,(2A1,4A) C 6Ay)
Ap,Ar,8A1) C10A)) < (n =22, (2A1,8A) C 10A,)

(2A1); (6A1); (6A1);
(11210, 4A, (8A1)]I C 10A1)
4A,
< (n = 22, (2A1, 8A1) C 10A1)

~~ I~
=]
[
[N
=
~—~~ ~~ —~ —~
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(2A1)][ 6A, 6A,
(11:10, 4A, (SAl)[] C ].OAl)
4A,
< (n = 22, (2A1, 8A1) C 10A1)

4A; (8A1); (8Aq)rs
(n:10, 4A, (8A1)[ C 12A1)
4A,
— (n=22,(4A,8A;) C 12A))

4A 4A, (8A1)[I
(1’1210, 4A 4A, C 4A3)
4A4
< (n = 22, (4A1, 8A1) C 4A3)
46, (A 124,
(n=10, 1A, 12A; | € 16A) <= (n =39, 16A,)
8A,
Ay 2A  3A4 5A,
Ay 3A 5A,
(2A1); (6Aq1);
4A4
(Il = 10, (Al,Al, <2A1)[,8A1) C 12A1) < (l’l = 65, 12A1)
Ay 2A; 5A;  5A

(n=10, C 8A1) <= (n = 56, 8A;)

B Ay BA;  BA
474

< (1’1 = 22, (2A1, (4A1,4A1)][) C 10A1)

(n = 10, (Al, Al, 4A1, 8A1) C 14A1)
< (Il = 22, (2A1, 4A1, 8A1) C 14A1)

(1’1 = 10, (Al, Al, 4A1, 8A1) C 2A1 H4A3>,

31



2A1 6A; 10A4
< (n = 22, 4A,  4A; C 2A I 4A3)
8A,

Ay Ay 3A; BA
(2A1)7;  4A;  6A

(n=10, (241); 2As C 3A3)
4A4
< (Il = 34, (?)Al, (6A1)H) C 3A3))
Ay 3A;  BA; 9A
(n=10, (2411 (i“zll)f igﬁi C 15A)
8A4

— (n =34, (3A1,124,)) C 15A,))
(n=10, (Ay, 4A,, 481, 2A5) C Ay TT6A,) <— (n = 34, (A1,6A) C Ay II
6As))
(2A1)r  4A1  (6A1);r (6A1);
(M) 6Ar A,

n=10, C 12A
( 4A,  (8A)rr )
47,
e (n =65, 124,)
(2A1)r (6A1)rr (6A1); (6A1);
4A;  (8A1); (8Ay);
n=10, C 14A
( 4A;  (8A)) s 1)
47,
< (n = 22, (2A1, 4Aq, 8A1) C 14A1)
(2A)1 6A1 6A,  GA,
(n=10, A B (BA)r | 14A4)

48, (8A1)s
47,

32



< (Il = 22, (2A1, 4A1, 8A1) C 14A1)

(2A1); (6Aq1); (6A1)r (6A1);
47, 48, (8A1)gs

(1’1210, 1A, 1A, C2A I 4A3),
4A,
(28)7 6A; 6A, 6A,
- 40, 4Ay (8AD)1
(1’1—10, 1A, 1A, C 20 I 4A3)
4A,
2A1 6A; 10A4
< (Il = 22, 4A,  4A; C 2A 11 4A3)
8A,
(2A1)] 2A4 (6A1>[ 10A,
B 4hr (8A1); 124
(n_loa 47, AA, C 6A3)
8A,

<— (n = 34, ((6.&1)], 12A1) C 6A3)
( 4A; (8A1)r (8A1); (8Aq);

B 4A;  (8A1); (8Aq); B
(n=10, 1 sa | € 168) <= (n =56, 164,)
\ 4h,
/ 4A; (8A1); (8Aq1); (8Aq)s
B 14, 4By (8A1)1
(1’1—10, AA, 1A, C 4A I 4A3)
\ 4h,
401 (8A1)rr 12A
< (n = 22, 4A,  4A; C 4A I 4A3)

8A,
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(n=10,

I

2,

R

~

~

=~

~

I
~ =

I
=

~N

| | | I
=~

~

- I I N = N R = R R = R~ R = NN
I
e e e e T = S S e e e

—~
[
Y
-J

Y

I
—

w

4A; (8A1); (8Aq1); 4A;I12A,

4A, A, 4A, T12A,
4h, 4A, 1124, | C A1 TI6A)
24,

4, (4A1,6A,) C 4A; TT6A,)

(8A1,8A1) C 16A) <= (n =75, 16A)
(Ag, Ay) C 2A,) < (n = 26, 2A,)
(A, A)) C 2A)) < (n =34, 2A))
(A1, 3A1) C 4A)) < (n =49, 4A,)
(4A1,4A)) C 8A|) < (n = 34, 8A))
(4A1,12A1) C 16A;) <= (n = 49, 16A,)
(6A1,6A) C 12A1) <= (n =49, 12A))
(6A1,6A1) C 6Ay) < (n = 34, 8A)
(A1, A1, A) C3A1) < (n =61, 3A)
(A1, A1, 4A1) C 6A) < (n =34, (2A1,4A1) C 6A)
(A1, A1, 6A1) C 8A1) < (n =34, (2A1, (6A1)) C 8Ay)
(A1, Ap, 12A1) C 14A)) <= (n = 34, (2A1,12A) C 14A,))
(A1,3A1,4A,) C 8A) < (n = 65, 8A)

(A1,3A1,12A)) C 16A;) <= (n = 75, 16A)
(Ap,4A1,4A1) C 9A)) < (n =34, (A,84A;) C 9A,)

(
(

>

Al, 6A1, 6A1) Cc A 6A2) < (Il = 34, (Al, 6A2) c A II 6A2)

3A1,4A1,4A1) C 11A1) < (n = 34, (3A1,8A1) C 11A1)
4A, 4A, 8A;
4A, 4A,

4A

C 4A3) < (n = 34, (4A1, 8A1) C 4A3)
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/N /—~

(@]
&

= B B B B B B B B B B B B B BB BB BB B —B B B

/N /N /N /N /N /N /N /N /N /N /N /N /N /N /N /N /N /N /N /N /N

Il
—_ =
~

=k e W W W W W W W W W W NN NN NN

7, (4A1,4A1,6A1) C 14A1) < (Il = 34, ((6A1)],8A1) C 14A1)
7, (4A1, 6A1, 6A1) C 16A1) < (Il = 75, 16A1)
(4A1, 6A1, 6A1) C 4A, I 6A2) < (Il = 34, (4A1, 6A2) C 4A; 11

—_

(4A1,4A1,4A1) C 12A,) <= (n = 49, 124A;)
(4A1,4A1, 4A1, 4A) C 16A,) <= (n = 75, 16A;)
(2A1,2A1) C 4A;) <= (n = 39, 4A;)
((4A1,4A1) C 8A;);) <= (n = 40, 8A,)
(8A1,8A1) C 16A;) <= (n =39, 16A;)
(2A1,2A1,4A1) C 8A;) <= (n = 56, 8A;)
(2A1,2A1,8A1) C 124A,) <= (n = 65, 12A;)
((4A1,4A1);,8A1) C 16A,) <= (n = 56, 16A,)
(A1, Ay) C 24A,) <= (n =51, 24;)

(A1,2A1) C 3A;) <= (n =61, 3A;)
(A1,3A1) C 4A,) <= (n = 65, 4A;)
(
(
(
(
(
(
(
(
(
(

A N A .

I~

I~

I~

=

4A1,4A1) C 8A|) < (n =51, 8A))
4A1,8A1) C 12A1) <= (n = 61, 12A,)
4A1,12A1) C 16A;) <= (n = 65, 16A,)
(6A1)7, (6A1)77) C 12A;) < (n = 65, 12A)
4A1,4A;1) C 8A;) <= (n = 56, 8A,)

C 124, (n = 65, 124,)

C 16A, (n =75, 16A,)

C 16A;) <= (n = 56, 16A;)

C 8A1) <= (n =65, 8A,)
4A1,12A,) C 16A,) <= (n = 75, 16A,)

=

4,

Lo © ©

) <—
) <—

=

8A;, 84,

Lo ©
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2 Classification of Picard lattices of K3 surfaces.

Actually, classification of Tables 1—4 contains the important
classification of Picard lattices of K3 surfaces.

Let Sx be the Picard lattice of a Kahlerian K3 surface X, and
Sx < 0, is negative definite. For algebraic K3, instead of Sy one
can take (h)i( where h € Sx is a numerically effective element with

h? > 0.

Let G = Aut(X)y be the full symplectic automorphism group
of X (it is finite) and let Ej, ... E} are all non-singular irreducible
rational curves on X. Then

S = [(S)G = (Sx)(;, Cl(El), . Cl(Ek)]pr C SX

gives the most important part of the Picard lattice Sx: (the main
part of the Picard lattice Sx or M.Sx. The remaining part S C Sy
of Sx gives exotic part of Sx or (exotic ESx = (S)ﬁx part of the
Picard lattice Sx). Classification of possible S = M Sy is the most
important.

Obviously, the lattice S = M Sy is one of lattices of Ta-
bles 1—4 (if G > Dg). The only difference is that the group G
must be the mazximal symplectic automorphism group of K3 for

S.
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From the point of view of abstract lattices, e; = cl(E}), ..., e, =
cl(Ey) give the basis of the root system of (—2)-roots of the lattice

S, and

G|S={g€0(9) | g{er,....ex}) = {e1,....ex}), g|(S*/S) =1id}.

The sublattice S C Sy is the most important part of the Picard
lattice: S = M Sy.
Another characterization of S = M S is as follows. Let

H(Sx) ={g € O(Sx) | 9|A(Sx) = (Sx)*/Sx = identity}.
Then S = MSy = (Sx)m(sy)- Also H(Sy) = WD (Sx) x G.

For some two cases of Tables 1—4, lattices S; = Sy can be iso-
morphic, but their symplectic groups G; C G5 are subgroups of one
another only of different orders |G| < |Ga|.

All pairs with isomorphic lattices S, but subgroups G; C Gs
|G1| < |G5| are given in Table 5. The case (S,G,) is denoted
by o (old) in Tables 1—4. Thus, for the classification of
Picard lattices, we can delete the case (5,G;). But, this
cases is important as itself: If K3 surface X has the symplectic auto-
morphism group GG; and the degeneration S, then the full symplectic
automorphism group of X is larger, it is Gy with |G| < |G3|. The
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group (9 has less orbits and less codimension of the degeneration
than G. Therefore, the Table 5 is very interesting and important.

Exactly that happens for the case of Kummer surfaces: |G1| =1,
Gy = (Cy)*, S = [16A4],,: Kummer surfaces give the degeneration of
the type 16A; (or the codimension 16) of K3 with trivial symplectic
automorphism group C4, when the symplectic automorphism group

becomes (Cy)*. In 1974, I showed that K3 with 16 (sixteen) P! and
Dynkin diagram 164 is Kummer.

Thus, finally, we get

Theorem. The classification of Picard lattices S = MSx
of K3 surfaces X with finite symplectic automorphism groups
which are sufficiently large (larger than Dg, Cy, (Co)?, Cs, Cy
and C1) and with at least one (—2)-curve are given in Tables
1—4 mn lines which are not denoted by the o.

3 Concluding remarks.

[ hope to consider the remaining (small) symplectic automorphism

groups Dg, Cy, (Co)?, C3, Cy, C later. Cases of Dg and Cy were
recently considered in my papers [Nik14], [Nik15] of 2019. Now I
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consider the case of (Cy)?. For this case, degenerations can be of
codimension t = 1, 2,..., 6, 7. There are many cases, but I hope to
consider them soon.

Now, for the few remaining groups we have:

Theorem. If the Picard lattice S = MSx of K3 surface X
with at least one (—2)-curve is different from given in lines of
Tables 1—4 and tables of [Nik1j] for Dg and tables of [Nik15]
for Cy which are not denoted by the sign o (for example, if its
genus is different), then the symplectic automorphism group of
X is small: it is one of groups (C5)*, C3, Cy or Cy. I hope to
consider them later.
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Methods.

1) Markings by negative definite even unimodular lattices; for
K3, it is enough to use Niemeier lattices N of rank 24. Their
roots (o € N with o = —2) sublattices are

N = [A(NV) =

(1) Doy, (2) D1 @ Es, (3) 3FEs, (4) Asy, (5) 2Dy,
(6) A7 @ E7, (7) Dig @ 2E7, (8) A15® Dy, (9) 3Ds,
(10) 2412, (11) A1y ® D7 ® Es, (12) 4E3, (13) 249 @ D,
(14) 4D, (15) 34s, (16) 24;02Ds, (17) 44, (18) 4450 Dy, (19) 6D,
(20) 6A,, (21) 845, (22) 124s, (23) 244,

give 23 Niemeier lattices N;. The last is Leech lattice (24) with
N® = {0} which has no roots. Further, N(R) denotes the
Niemeier lattice with the root system R. We fix the basis P(N)
of the root system A(N) of N. By A(N) C O(N) we denote the

subgroup of the group of automorphisms of N which preserves
(permutes) the basis P(N).

The action of G on K3 can be modeled by G C A(N) and its
t orbits G(r1),...,G(r) of roots ri,...,r € P(N). The lattice

S =[Ng,G(r1),...,G(ry)lpr = [Nagy 71,y 1) C N.
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It gives a degeneration of K3 with G of codimension t we are
looking for iff S has a primitive embedding to the cohomology
lattice Liz = H*(X,Z) which is an even unimodular lattice of
signature (3,19).

2) We need results about existence of primitive embeddings of
lattices into even unimodular lattices.

Both this methods and results were suggested and developed in
MY Papers:

Nikulin, Finite automorphism groups of Kahler K3 surfaces, En-
glish transl. in Trans. Moscow Math. Soc. V. 38 (1980), 71-135.

Nikulin, Integral symmetric bilinear forms and some of their ge-
ometric applications, English transl. in Math. USSR Izv. 14
(1980), no. 1, 103-167.

3) We need classification of possible abstract finite symplectic
automorphism groups of K3. Abelian such groups were classified
in my paper above. Non-Abelian were classified by
Sh. Mukaz, Finite groups of automorphisms of K3 surfaces and the
Mathieu group, Invent. math. 94, (1988), 183-221.

4) We use computer. We write programs.
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