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The Heat Equation

We have the linear heat equation

Gt - QXX-
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The Heat Equation

We have the linear heat equation

Gt = BXX-

Now, we introduce a new function k such that k = (In6),. Then we
obtain 6, = k6 and

(InB); = ky + k>,
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The Heat Equation

We have the linear heat equation
Gt - BXX-

Now, we introduce a new function k such that k = (In6),. Then we
obtain 6, = k6 and

(InB); = ky + k>,
Differentiating this equation with respect to x, we obtain the Burgers
equation

ki = kux + 2kky.
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The Heat Equation

We have the linear heat equation
Gt - BXX-

Now, we introduce a new function k such that k = (In6),. Then we
obtain 6, = k6 and

(InB); = ky + k>,

Differentiating this equation with respect to x, we obtain the Burgers
equation

ke = kux + 2kky.

Now we introduce a new function / such that /| = —k,. Differentiating the
Burgers equation with respect to x, we obtain

Iy = Ly — 217 + 2k,

Maxim Pavlov (Lebedev Physical Institute) Chazy equation ISAF 2020 2/13



Now we are looking for the function Q(/, t) such that
I, = Q.
Then we obtain two equations (where /, = QQ’. Here Q' =9Q/d/)

h=Q, I=QQ —2+2kQ.
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Now we are looking for the function Q(/, t) such that
L =Q.
Then we obtain two equations (where /, = QQ’. Here Q' =9Q/d/)
h=Q, lk=QQ —2+2kQ.
Their compatibility condition (/;), = (/)¢ leads to

Q= Q%Q" +2”PQ - 6IQ.
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Now we are looking for the function Q(/, t) such that
L =Q.
Then we obtain two equations (where /, = QQ’. Here Q' =9Q/d/)
h=Q, lk=QQ —2+2kQ.
Their compatibility condition (/;), = (/)¢ leads to
Q= Q*Q" +2PQ —6IQ.

Now we introduce a new function G(/,t) = Q2. Then we obtain

G, = GG" — %G’z +212G' —121G.
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The Darboux—Halphen system

Now we are looking for a particular solution of this equation
1
G = GG — 56’2 +2/2G' — 121G,

in the ansatz
G=4(l—h)(I—h)(I—h),

where /i (t) are some functions.
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The Darboux—Halphen system

Now we are looking for a particular solution of this equation
1
G = GG — 56’2 +2/2G' — 121G,

in the ansatz
G=4(l—h)(I—h)(I—h),

where /i (t) are some functions. Then we obtain the celebrating
Darboux—Halphen system

1

5/{ =hh — /1(/2 + /3),
1 !

5/2 =hk—h(h+5h),

1
E/é =hb— /3(/1 + /2).
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The Chazy Equation

The above ansatz
G=4(l—h)(I—h)(I—h),

we can rewrite in the expanded form
G=4P +al +bl+c,

where

a—= —4(/1 + b+ /3), b= 4(/1/2 + hbk+ /2/3), c=—4hhk.

Maxim Pavlov (Lebedev Physical Institute) Chazy equation

ISAF 2020 5/13



The Chazy Equation

The above ansatz
G=4(l—h)(I—h)(I—h),

we can rewrite in the expanded form
G=4P+al’ +bl+c,
where
a=—4h+h+h), b=4(hh+hk+hhk), c=—4hhk.
Then we obtain the remarkable Chazy equation
a" =2ad" —3(d)?,

where
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The Intermediate Resume

The linear heat equation 6; = 0, possesses a particular solution, such that

1 1
= = — — 3 2 ! "
0 = kO, kg Il \/4/ + al —|—2a/—|——24a ,

0; = (k* =10, k= —1 — 2k,

1
2

where the function a(t) is a general solution of the Chazy equation

1 1
A :4/2+al+4a’+2k\/4/3+alz+ a’l+ﬂa”,

a/// — 233// . 3(3/)2.
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The Intermediate Resume

The linear heat equation 6; = 0, possesses a particular solution, such that

1 1
= = — — 3 2 ! "
0 = kO, kg Il \/4/ + al —|—2a/—|——24a ,

0; = (k* =10, k= —1 — 2k,

1
2
where the function a(t) is a general solution of the Chazy equation

1 1
/t:4/2+al+4a’+2k\/4l3+a/2+ a’l+ﬂa”,
a/// — 233// . 3(3/)2.

Here 0(x, t) is a famous Jacobi theta-function, while its second
logarithmic derivative / = —92 Inf is an elliptic function

1 1
2=4P +al® + 5a’/ + ia”.
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The Intermediate Resume

The linear heat equation 6; = 0, possesses a particular solution, such that
b= Kb, k=1, h=2\/(1—h)(I—h)(I—h),
0, = (k* =10, k= —I — 2k,
2 1 /
=4 +al + a 4k (1= h) (1= R) (I — ),

where the functions /i (t) solve the Darboux—Halphen system

1
5/{ =hhk—h(h+5h),

1
Elé =hhk—h(h+h),

1
Elé =hbh— /3(/1 + 12)
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The Intermediate Resume

The linear heat equation 6; = 0, possesses a particular solution, such that
b= Kb, k=1, h=2\/(1—h)(I—h)(I—h),
0, = (k* =10, k= —I — 2k,
2 1 /
A:4/+M+Za+4hﬂhdﬁﬂ—@0—&)

where the functions /i (t) solve the Darboux—Halphen system

1
5/{ =hhk—h(h+5h),

1
Elé =hhk—h(h+h),

1
Elé =hbh— /3(/1 + 12)
Here 9(x, t) is a famous Jacobi theta-function, while its second

logarithmic derivative / = —d2 In @ is an elliptic function
12 =4(1—h) (I —h)(I— k).
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The Classical Recursive Set

The Weiershtrass p-function satisfies

w” = 4w’ — W — g3.
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The Classical Recursive Set

The Weiershtrass p-function satisfies
?_ 3
w =4w’ — gow — g3.

We introduce a set of averaged values by rule
1
W, =< w" >= 7%W"d9,

where period

T:fwzf dw
VAwd — gw — g3

is fixed. For instance T = 27t.
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The Classical Recursive Set

The Weiershtrass p-function satisfies
w” = awd — Sow — g3.
We introduce a set of averaged values by rule
1
W, =< w" >= 7%W"d9,

where period

T:fwzf dw
VAwd — gw — g3

is fixed. For instance T = 27t. Then we obtain

1
(W"W/)/:W"W”—i—nwn_lW/2:(6+4n)wn+2 _ <2+n) gw" _g3an—1

where we used the differential consequence
1

" 2
= 6w’ — ~g.
w w 5 82

Maxim Pavlov (Lebedev Physical Institute) Chazy equation ISAF 2020 8/13



The Classical Recursive Set

The averaging of this set

1
(ww') = (6 + 4n)w" "2 — (2 + n) ow" — gznw"

lead to an infinite recursive set of the averaged expressions
1
(64 4n)Wphyo — 5 +n) oW, —gnW,_1 =0,

where we used 1
W, =< w" >= ?j{W”dQ,

with the fixed period

T:fde):f dw .
VAwS — gw — g
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The Classical Recursive Set

The above infinite recursive set of the averaged expressions

1
(6+4n) Wy — (2 + n) oW, —gnW, 1 =0,
can be written in the following unique form

(2n + 3) W2 = 3(2n+ ].)W2 W, + n(5W3 — 9 W2)Wn_]_,

where
g =12W,, g3 =10W5 — 18W W,
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The Bogaevsky approach

V.N. Bogaevsky made the following observation: if the function w will be

differentiated by any extra parameter 7y, then we can obtain another set of
differential recursive relationships

24W2 Wr;—i-l — 6(2/7 + 1)Wn+1 Wzl + 6[5W3 — 9W1 WQ] W,;

+(1—2n)W,[5W5 —9W Ws]" = 0.

In our case of the elliptic curve we can restrict our consideration when
n=0and n=1

Wi = 39yWj —3Ws,  5W3 =59Ws + (72 — Wa) W3,

where we put ¢y = Wj.
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The Bogaevsky approach

Then this system (we remind that v = W)
Wy =3yW; —3Ws,  5W5 =5y Ws + (v* — Wa) W3,
can be written in a little bit more simple form
B'=a, 5B=an+2va,

where auxiliary modulation parameters

1 1
oc:6<(w—W1)2>, ﬁ:—%<(w—wl)3>

are proportional to mean-square and mean-cube amplitudes w,
respectively.
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The Bogaevsky approach

Then this system (we remind that v = W)
Wy =3yW; —3Ws,  5W5 =5y Ws + (v* — Wa) W3,
can be written in a little bit more simple form
B'=a, 5B=an+2va,

where auxiliary modulation parameters
1 2 1 3
oc:6<(w—W1)>, ﬁ:—%<(w—W1)>

are proportional to mean-square and mean-cube amplitudes w,
respectively.

Eliminating B we obtain the equation of the second order

a4+ o +2ya' —3a = 0.
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The Chazy Equation

This equation (here we remind that the independent variable is 7y)
aa +a” + 292’ —3a =0

is connected with the Chazy equation (here we remind that the
independent variable is t)

,y/// — 2,)/,)/// . 3(,)//)2

by the transformation

2
/) da m_ odw da
“ f— —_
where we denote & = —7/.
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