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1 Jacobi forms I

Let L be the lattice generated by a root system R of rank N with Weyl group
W .

Definition. A weak Weyl-invariant Jacobi form of weight k and index m
(k ∈ Z,m ∈ N) for a root lattice L with an inner product (·, ·) is a holomorphic
function ϕ : H× (L⊗ C)→ C, such that:

1) ϕ
(
aτ+b
cτ+d ,

z
cτ+d

)
= (cτ + d)keπim

c(z,z)
cτ+d ϕ(τ, z);

2) ϕ(τ, z + lτ + l′) = e−2πim(l, z)−πim(l, l)τϕ(τ, z) for l, l′ ∈ L;

3) ϕ(τ, w(z)) = ϕ(τ, z) for w from Weyl group W ;

4) ϕ(τ, z) has a Fourier expansion:∑
λ∈L∗,n>0

a(n, l)qnζλ,

where q = e2πiτ , ζλ = e2πi(z, λ).



2 Chevalley type theorems

Theorem (Chevalley-Shephard-Todd) Let W be the group generated be a
Coxeter group acting on the space V (dimV = N). Then

SN (VC)W ' C[x1, . . . , xN ]W ' C[y1, . . . , yN ],

where y1, . . . , yN are homogeneous W -invariant polynomials.

Theorem (E. Looijenga, I. Bernstein & O. Schwarzman, V. Kac & D.
Peterson) Let W be a complex crystallographic Coxeter group acting on a
complex affine space of dimension N . Then the algebra of invariants is a
polynomial algebra generated by N + 1 theta-functions.

Theorem (K. Wirtmüller). For every root system R (except E8) the set
of all weak Weyl-invariant Jacobi forms JW∗,∗(R) has the structure of a free
bigraded algebra over the ring of modular forms with n+ 1 generators

Jw,W∗,∗ (R) = M∗[ϕ0,1, ϕ−k(1),m(1), . . . , ϕ−k(n),m(n)], j = 1, . . . , n,

where the set of all k(j) is the set of degrees of W (R)-invariant polynomials
and the set of all m(j) is the set of coefficients of the highest coroot α̃ written
as a linear combination of basis elements of R.



3 About Wirthmüller theorem

• K. Wirthmüller, Root systems and Jacobi forms. Comp. Math. 82
(1992), 293–354.

• M. Bertola, Frobenius manifold structure on orbit space of Jacobi group,
PhD thesis (2000).

• H. Wang, Weyl invariant E8 Jacobi forms. arXiv:1801.08462.

• D.A., V. Gritsenko, The D8-tower of weak Jacobi forms and
applications. J. Geom. Phys., electronically published on February
6, 2020, DOI: https://doi.org/10.1016/j.geomphys.2020.103616 (to
appear in print).

• In preparation: D.A. about F4 and D.A., V. Gritsenko about Cn&Dn.



Theorem in case Dn. For root systems of Dn type the set of all weak Weyl-
invariant Jacobi forms is a free algebra over the ring of modular forms and

JW∗,∗(D2) = M∗[ϕ0,1, ϕ−2,1, ϕ−4,1],

JW∗,∗(D3) = M∗[ϕ0,1, ϕ−2,1, ϕ−4,1, ω−3,1],

JW∗,∗(D4) = M∗[ϕ0,1, ϕ−2,1, ϕ−4,1, ϕ−6,2, ω−4,1],

JW∗,∗(Dn) = M∗[ϕ0,1, ϕ−2,1, ϕ−4,1, ϕ−6,2, . . . , ϕ−2n+2,2, ω−n,1].

Theorem in case Cn. For root systems of Cn type the set of all weak Weyl-
invariant Jacobi forms is a free algebra over the ring of modular forms and

JW∗,∗(Cn) = M∗[ϕ0,1, ϕ−2,1, ϕ−4,1, ϕ−6,2, . . . , ϕ−2n+2,2, ω
2
−n,1].



4 Construction of generators

ωDn−n,1(τ, z) =
ϑ11(τ, z1) · . . . · ϑ11(τ, zn)

η3n(τ)
.

Properties:

• anti-invariant under change of sign for an odd number of z-coordinates,

• restriction of this form to Dn−1 gives 0,

• well-known divisor.



Construction of ϕDn0,1 . The first way

For any Jacobi form one can define Hecke operator T−(t) that increase the
index of Jacobi form in t times, doesn’t change the weight and doesn’t decrease
the divisor of the form. More precisely, for ϕk,m ∈ Jk,m(L)(

ϕk,m

∣∣∣∣
T−(t)

)
(τ, z) :=

∑
ad=t
bmod d

akt−1ϕk,m

(
aτ + b

d
, az

)
.

In our case we obtain the well-defined form

ϕDn0,1 = 2

ω−n,1

∣∣∣∣
T−(2)

ω−n,1
=

= 2−n
ω−n,1(2τ, 2z)

ω−n,1(τ, z)
+
ω−n,1( τ2 , z)

ω−n,1(τ, z)
+
ω−n,1( τ+1

2 , z)

ω−n,1(τ, z)
.



Construction of ϕDn0,1 . The second way

For another way to construct ϕDn0,1 we can consider

ϕ0,1 =
ϑ00(τ, z1) · . . . · ϑ00(τ, zn)

ϑn00(τ, 0)
+
ϑ01(τ, z1) · . . . · ϑ01(τ, zn)

ϑn01(τ, 0)
+

+
ϑ10(τ, z1) · . . . · ϑ10(τ, zn)

ϑn10(τ, 0)
.

It follows from the properties of even theta-functions that constructed form has
weight 0 and index 1 for Dn. However, there are also the following relations:

ϑ00(τ, z)

ϑ00(τ, 0)
=
ϑ11( τ+1

2 , z)

ϑ11(τ, z)
· η3(τ)

η3( τ+1
2 )

;

ϑ01(τ, z)

ϑ01(τ, 0)
=
ϑ11( τ2 , z)

ϑ11(τ, z)
· η

3(τ)

η3( τ2 )
;

ϑ10(τ, z)

ϑ10(τ, 0)
=

1

2

ϑ11(2τ, 2z)

ϑ11(τ, z)
· η

3(τ)

η3(2τ)
.



Differential operator

Definition. Let L be a positive definite lattice of rank n with inner product
(·, ·).And let ϕk,m(τ, z) be a Jacobi forms of weight k and index m. Then one
can defined a modular differential operator

Hk(ϕk,m(τ, z)) =

=
1

2πi

∂

∂τ
ϕk,m(τ, z)+

1

8π2m

(
∂

∂z
,
∂

∂z

)
ϕk,m(τ, z)+(n−2k)G2(τ)ϕk,m(τ, z),

where G2(τ) = − 1
24 + q · (. . .) is a quasimodular Eisenstein series of weight 2.

Using Fourier development of Jacobi form ϕk,m(τ, z) one can obtain another
definition of action Hk on ϕk,m(τ, z):

Hk(ϕk,m(τ, z)) =
∑

n>0,l∈L∨
(2n− 1

m
(l, l))a(n, l)qnζl+(n−2k)G2(τ)ϕk,m(τ, z).

This form is more convenient for calculations.



Construction of ϕDn−4,1

Applying differential operators and multiplication by Eisenstein series to ϕDn0,1

we can obtain following forms:

Weight 2 Weight 4 Weight 6 Weight 8

H0(ϕ0,1) H2(H0(ϕ0,1)) H4(H2(H0(ϕ0,1))) H6(H4(H2(H0(ϕ0,1))))

E4ϕ0,1 H4(E4ϕ0,1) H6(H4(E4ϕ0,1))

E4H0(ϕ0,1) H6(E4H0(ϕ0,1))

E6ϕ0,1 H6(E6ϕ0,1)

E4H2(H0(ϕ0,1))

E6H0(ϕ0,1)

E2
4ϕ0,1



Construction of ϕDn−4,1

Direct computations give us the following linear combination:

ϕDn8,1 =

= H6(E4H0(ϕ0,1))−H6(E6ϕ0,1)− (n+ 6)E2
4ϕ0,1 + 2(n+ 6)E6H0(ϕ0,1) =

= q (. . .)

As a result we obtain (up to multiplication by non-zero constant)

ϕDn−4,1 =
ϕDn8,1

∆
.

Construction of ϕDn−2,1

Now, applying the differential operator to ϕDn−4,1, we can finally construct the
last form of index 1:

ϕDn−2,1 = H−4,1(ϕDn−4,1).



Forms of index 2

Let us notice that
Dn < Zn.

Consequently,
Dn(2) < (Z(2))⊕n ' (A1)⊕n.

Hence

ϕDn−2k,2 =
1

k!(n− k)!

∑
σ∈Sn

φ−2,1(τ, zσ(1)) . . . φ−2,1(τ, zσ(k))×

× φ0,1(τ, zσ(k+1)) . . . φ0,1(τ, zσ(n)) ∈ JW−2k,2(Dn),



Differential equations

Examples of differential equations:

• H−n(ωDn−n,1) = 0;

• for any α and β in weight 6:

αH4(H2(H0(ϕ0,1))) + βH4(E4ϕ0,1) + γE4H0(ϕ0,1) + δE6ϕ0,1 = q · (. . .),

where

γ = −1

3

(
(5n2 + 18n+ 16)α+ 3nβ

)
, δ =

1

3

(
(n2 + 18n+ 32)α+ 12β

)
.

Consequently, we can obtain Jacobi form of weight −6 and index 1 for Dn.
But it is impossible by the main theorem.



5 Jacobi group

Let L a positive definite lattice with inner product (· , ·). Heisenberg group
H(L) for this lattice is a central extension (L× L) n Z:

H(L) = {h = [λ, µ, r] : λ, µ ∈ L, r ∈ 1

2
Z with r +

1

2
(λ, µ) ∈ Z},

h · h’ = [λ, µ, r] · [λ′, µ′, r′] = [λ+ λ′, µ+ µ′, r + r′ +
1

2
((λ, µ′)− (λ′, µ))].

If L is a root lattice, one can add the action of Weyl group

W = W nH(L) :

(w,h) · (w′,h’) = (w ·w′, [λ+wλ′, µ+wµ′, r+ r′+
1

2
((λ,wµ′)− (wλ′, µ))]).



Finally, Jacobi group is

J(L) = SL2(Z) nW = SL2(Z) n (W nH(L))

with action on W by

γ.w = w, γ =

(
a b
c d

)
∈ SL2(Z)

γ.h = [dλ− cµ,−bλ+ aµ, r]

(γ,w,h) · (γ′, w′,h’) = (γ · γ′, w · w′,h · (γ.h’)).
This group is acting on the tube domain

H(L) = H⊕ (L⊗ C)⊕H = {(τ, z, ω), 2Im(τ)Im(ω)− (Im(z), Im(z)) > 0}

γ(τ, z, u) =

(
aτ + b

cτ + d
,

z

cτ + d
, ω − c(z, z)

2(cτ + d)

)
;

w(τ, z, u) = (τ, w(z), ω);

h(τ, z, u) =

(
τ, z + λτ + µ, ω +

(λ, λ)

2
τ + (λ, z) +

(λ, µ)

2
+ r

)
.



6 Jacobi forms II

Let L be the lattice generated by root system R of rank N with Weyl group
W , and J(M,L) equals to (cτ+d) for γ ∈ SL2(Z) and 1 for [λ, µ, r] ∈ H(L).

Definition. A weak Weyl-invariant Jacobi form of weight k and index m (k,
m ∈ Z) for a root lattice L with an inner product (·, ·) is a holomorphic
function ϕ : H× (L⊗ C)→ C, if the function

ϕ̃(Z) = ϕ(τ, z)e2πimω, Z ∈ H(L)

transforms like

ϕ̃(M(Z)) = J(M,Z)−kϕ̃(τ, Z),M ∈ ΓJ(L)

and ϕ(τ, z) has a Fourier expansion:∑
λ∈L∗,n>0

a(n, l)qnζλ.



7 Orbit spaces of Jacobi groups

M. Bertola:

• The orbit space of J(An) is isomorphic to covering of Hurwitz space
M1,0,n+1 (genus 1 with 1 branching point of branching degree n+1)
and has a Frobenius manifold structure.

• The orbit space of J(Bn) is isomorphic to covering of Hurwitz space
MZ2

1,0,2n (genus 1 with 1 branching point of branching degree 2n and
action Z2 on torus by involution v 7→ −v) and has a Frobenius manifold
structure.

• There is a way to construct the corresponding potentials and flat
coordinates for small n. For J(G2) it is also possible and follows from
the case J(A2).

I. Satake: potential and flat coordinates for J(E6) (but without isomorphism
with any Hurwitz space).

Question: is it possible to obtain similar results for Cn, Dn and F4?



Thank you for your attention!


