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Rational V-systems

Let A be a finite collection of covectors o € V*, V =2 C". We are
interested in solutions

F(xi,...,xn) = Z a(x)?loga(x), x=(x1,...,x) €V,
acA

of generalized Witten—Dijkgraaf-Verlinde-Verlinde (WDVV)
equations of the form

FiF ' Fe=FF R, 1<ij.k<n,

. . . 3
where Fj is the n x n matrix, whose (pg)-entry is %.



Rational V-systems

Origins of these solutions when A = R is a Coxeter root system:

@ Dubrovin’s almost duality [Dubrovin’'03]:
F is almost dual to polynomial Frobenius manifold structure
on the orbit space V/W, where W = (s, : « € R) is a finite
Coxeter group.
uxv=Elouov.

e Seiberg—Witten theory [Marshakov, Mironov, Morozov'96]:
F is the perturbative part of Seiberg—Witten prepotential

For general A:

@ V-system [Veselov'98]:
Geometric reformulation of the property that F is a soltion.



Rational V-systems

(Rational) V-system

Consider bilinear form on V' given by

Ga(u,v) =) a(u)a(v),

acA

for any u,v € V, and suppose G4 is non-degenerate.
Let o : V* — V be the corresponding isomorphism:

Ga(p(a),v) = a(v)
for any a € V*, v € V. Denote o = ¢(a).

Definition (Veselov'98)

A is a (rational) V-system if for any 2-dimensional plane 7 C V*

andanya e AN
Y a(8)8=a

AN
for some A\ € C. S




Rational V-systems

Theorem (Veselov'99; F., Veselov'07)
The following conditions are equivalent:
Q A isa V-system
@ F satisfies WDVV
Q Multiplication uxv =3 .4 a(;)(i‘§v) a is associative
(x,u,v € V;a(x) #0Va € A).
Q Grlrvxyv ~ Gylrvxy if [T N A| > 2, where

6:(1,V) = Yy a(u)a(v), and
Gua(aV,8Y)=0iftNA={a,B}.

A\

Example (Martini, Gragert'99; Veselov'99)

Let A =R be a Coxeter root system: V = V*,

Vo, B € R so(B) =8 — 2((0?‘25))04 € R. Then (s, : @ € R) is a finite

Coxeter group. In this case G4 ~ (-, ").

A\




Rational V-systems

Operations with V-systems

@ Subsystems. Let W be a subspace in V*. Let B= AN W.
Then B C (WVY)*.

Theorem (F., Veselov'07)

Let A be a V-system. Then subsystem B is a \/-system provided
that Gg|wv is non-degenerate.

o Restrictions. Let 3 be a subsystem in A. Define
W ={xe V:p(x)=0Vp e B} C V. Consider resitriction
m8(A) ={afw,: a € A alw, # 0} C Wp".

Theorem (F., Veselov'05)

Let A be a V-system. Then restriction 7(.A) is also a \V-system
provided that G4|w, is non-degenerate.

Example (Chalykh, Veselov'01)
A= {c,-cj(e" —¢/):1<i<j<n}isa V-system for generic ;.



Trigonometric case

Trigonometric solutions of WDVV equations

Let A C V*. Let c: A — C, denote ¢, = c(a). Let

1
Pl m ) = 3 eaf009) + 397 +y 3 canl

where f(z) = tiz® + fLiz(e™%?), d35233(z) =cotz; peC.

Origins of these solutions:

@ Dubrovin’s almost duality
F* is (expected to be) almost dual to Frobenius manifold
structure on the (extended) affine Weyl group orbit space
M=(Va C)/W (M is given by Dubrovin, Zhang, Zuo,
Strachan [1998-2015]; F* partly confirmed in [Riley,
Strachan'07])

e Seiberg—Witten theory [Marshakov, Mironov, Morozov'96]:
Ft is the perturbative part of 5d Seiberg—Witten prepotential

e Reductions of hydrodynamic chains
Similar solutions [Pavlov'06]




Trigonometric case

Quantum cohomology of ADE resolutions

@ Quantum Cohomology of resolutions of ADE singularities

Let Y be the minimal resolution of ADE singularity C2/T, where

I C SL(2,C) is of ADE type (via McKay correspondence). Let

V = H(Y,Z).

Diagonal action of C* on C? lifts to C* action on Y. Then
equivariant quantum cohomology QH*(Y',Z) are generated by 1
and exceptional divisors Ey, ..., E, over Cly][[x1, ..., xn]], where x;
are quantum parameters corresponding to E;.

Theorem (Bryan, Gholampour'07)

Quantum product in QHc+(Y,Z) is governed by genus 0
Gromov-Witten potential F*.




Trigonometric case

Trigonometric V-systems

Suppose A belongs to a lattice.
For each o« € A decompose non-collinear vectors from A,

A=,

where each “series” [, satisfies the following property:
for any 8,y € I'* 5+ ey = ma for some € € {1,—1}, m € Z.

Example

Let A =BG = {e!,2¢?, %, 2¢% ¢! + ¢, ' — €} Then
Mo = {e' + &% ¢! — &}, M5 = {e°}, M. = {2¢°);
M= {e' + €% €% e! — e}, 12 = {2e2);
L o= {e, e}, M% = {21,213, = {e' + €}

etc.




Trigonometric case

Define G4(u,v) = Ga,c)(u,v) = > ca Cac(u)a(v), u,veV.
Suppose G4 is non-degenerate so we have G4: V = V*. Let
oV = Gl(a).

Definition (F.'08)
(A, c) is a trigonometric V-system if for any « € A and for any
a-series [,

Z csB(a’)B = A

pers,

for some A € C.

Proposition (F.'08)

Let (A, c) be a trigonometric \/-system. Then
A" = {/caac: o € A} is a rational \V-system.




Trigonometric case

WDVV equations:
FiF 'Fe=FF Y, 1<ijk<n+1,
where Fj is the (n+ 1) x (n+ 1) matrix, whose (pq)-entry is

3F . .
838X£B))<q with x,411 = y. Fpi1 = constant = 2diag(G.a,1)

Theorem (F.'08)

Suppose (A, c) is a trigonometric \/-system. Suppose there exists
u € C such that

> (@ (3206 -1) ) @rsiars) =0 @

Ol,BEA+

Then F* satisfies WDVV.

Conversely, suppose that Ft satisfies WDVV. Then

1) Relation (1) holds.

2) Let oo € A be such that AN (a) C {£a}. Then trigonometric
V-system conditions for the series [}, are satisfied.




Trigonometric case

Operations with trigonometric V-systems/solutions

@ Subsystems. Let W be a subspace in V*. Let B=ANW.
Then B C (WVY)*.

Theorem (Alkadhem, F.)

Let A be a trigonometric \V-system. Then subsystem B is a
trigonometric \V/-system provided that Gg|wv is non-degenerate.

o Restrictions. Let 55 be a subsystem in A. Define
Wp ={x € V:p(x)=0V3 e B} C V. Consider resitriction
mB(A) = {afw,: o € A, alw, # 0} C Wi™.

Theorem (Alkadhem, F.)

Let (A, c) define a solution of WDVV. Then restriction (m3(.A), c)
also defines a trigonometric solution of WDVV provided that
Ga|wg is non-degenerate.




Trigonometric case

SETIES

A Goal: to classify rational /trigonometric V-systems.
Trigonometric \V-systems are non-trivial in C? but there are fewer
solutions in higher dimensions.

Example (Martini, Hoevenaars'03; Alkadhem, F.)

Let R be a crystallographic root system with Weyl group W. Let
c: R — C be W-invariant. This is a trigonometric V-system
which also defines a solution of WDVYV for suitable .

A={e —e:1<i<j<n}, clel —¢&)=cc is a trigonometric
V-system for generic ¢; € C. It defines a solution of WDVYV for a
suitable value of .




Trigonometric case

Example (Alkadhem, F.)
Let V =~ C*. Let

: o 1
A={e1<i<ajufe'+e:1<i<j< 3}U{§(e1j:e2ie3j:e4)}.

Let
i ; 1
cle'£€e)=r, C(E(elzlze2j:e3:|:e4)):s,

2

-2
clel,e?,e3)=2r+s, c(e) = ss—2r)

4r +s

Then (A, ¢) is a trigonometric \V-system for generic r,s € C. It
defines solution Ft with 1 = 6/3(2r 4 s)(4r + s)~ /2.




Elliptic case

Elliptic solutions

Let

fé(z,7) = (Liz(e*™2,q) — Li3(1,q)),

—

27i)3
g = e>™". Then
o3fe 1 Ologby(z,7)

0z3 ~  2mi 0z ’
where

01(z,7) = _I-(evriz_e—hrz)ql/S H(1_qn)(1_qn627ri2)(1_qne—27ri2);

n=1

3
(5 s Lis(1. @) = s Eolr).

27 T 120



Elliptic case

Let
Fe *Tu —*UZX ~|—2Zf i —xj)—(n +1)Zfe(x,'),
i#j j=0
where xg = — Y71 Xi. Let Xpp1 = 7, Xp42 = u.
Theorem (Riley, Strachan’'06)
Function F€ satisfies WDVV equations

FE(F) R = F(FD) S, (1< ik < n+2)

Furtermore, F€ is almost dual to Bertola's Frobenius manifold on
the space of orbits of Jacobi group on Jacobi forms on V & C @ H.

It is expected that any trigonometric V-system (A, c¢) gives rise to
elliptic solution of WDVV in V @ C? similar to F€ provided that

Z Calt ~ Ga(u, u)?.

acA
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