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Physics motivations
Quantum field theory (QFT) is a standard way to describe the
behavior of elementary particles.
QFT starts with a Lagrangian which is a polynomial in
quantum fields:

L = L0 + LI
e.g .= LQED = −1

4F 2 + ψ(iγ∂ −m)ψ − eψγAψ

Quadratic part, called “free Lagrangian”, corresponds to
non-interacting fields, the rest — to the interaction.
Interaction is often considered as the perturbation (formal
parameters being the coupling constants).
For example, LQED describes the interaction of electrons and
photons, and agrees amazingly with experiments — in some
cases with accuracy 10−10 or better. The expansion goes over
fine-structure constant α = e2

4π ≈
1

137.036 .
Coefficients in the perturbative expansion are expressed via
loop integrals with the help of Wick theorem, or, rather, its
graphical incarnation — Feynman diagrams.

2



Feynman diagrams

Each diagram is a graph whose structure determines the form of
the corresponding loop integral:

Edges correspond to the inverted operators (=propagators) in
L0 (Fourier transformed). Edges are labeled by d-dimensional
vectors (momenta), obeying the Kirchhoff’s law. The line type
is used to indicate which specific operator is implied. E.g., the
propagator of scalar particle with mass m is (p2 −m2 + i0)−1.
External legs correspond to incoming/outgoing particles.
Their labels correspond to the physical momenta of the
particles.
Vertices correspond to the monomials in LI . E.g., for contact
interaction the vertex is simply a coupling constant.
Independent cycles (=loops) correspond to the integrals over
unfixed momenta.
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Loop integrals
After performing the tensor reduction, we are left with

Loop integrals ∫ dDl1 . . . dDlL
D1 . . .DM

P , (1)

l1, . . . , lL are loop momenta (L is the # of loops),
D1, . . . ,DM are the denominators of propagators (M is the #
of internal edges). With some reservations,
Dk = q2

k −m2
k + i0, (qk is the momentum label of the edge).

P = P(l1, . . . lL) is some polynomial (in general, it is tensor).
D is the space-time dimension. As the integrals often diverge
at D = 4, we formally put D = 4− 2ε and consider the
Laurent expansion in ε (dimensional regularization). The basic
idea is to treat the D = 4 case as the limit ε→ 0 of the
regularized theory while keeping physical charges and masses
constant (renormalization procedure).
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Loop integrals: prerequisites

Each diagram can be expressed in terms of

j(n1, . . . , nN) =
∫ dDl1 . . . dDlL

Dn1
1 . . .DnN

N
, (2)

where nk are some integers. The integrals are functions of
D = 4− 2ε (or ε), masses mk , and scalars constructed of external
momenta p1, . . . pE . We assume that all Dk are linear function of
scalar products involving loop momenta, sik = li · qk . The auxiliary
“denominators” (called irreducible numerators) DM+1, . . . ,DN are
chosen so that Dk form a basis, i.e., any sik is a unique linear
function of Dk , so N = #(sik) = L(L + 1)/2 + LE . The integrals
are functions of D = 4− 2ε (or ε), masses mk , and scalars
constructed of external momenta p1, . . . , pE .
Loop integrals are extremely difficult to compute in a
straightforward way.
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IBP reduction [Chetyrkin&Tkachov 1981]
One can obtain recurrence relations between j(n) which follow
from integration by parts

0 =
∫

dDl1 . . . dDlL
∂

∂li
· qkD−n1

1 . . .D−nN
N . (3)

Explicitly differentiating the integrand and expressing appearing
scalar products via Dk , we obtain relation (IBP identity) between
j(n). Introducing operators Ak and Bk acting (on functions of
n ∈ ZN) as (Ak f )(nk) = nk f (nk + 1), (Bk f )(nk) = f (nk − 1) the
IBP identity has the form

Oij j(n) = 0 , Oij =
∑
k,l

akl
ij AkBl +

∑
k

bk
ij Ak + δijD (4)

{A1, . . . ,AN ,B1, . . . ,BN} generate N-th Weyl algebra.
[Oik ,Ojl ] = δilOjk − δjkOil , Lie algebra of the group of linear
variables change li → Oikqk (O is L× (L + E ) matrix).
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General pathway

IBP identities: 0 =
∫

dDl1 . . . dDlL ∂li · qj
∏N
α=1 D−nα

α

Variety of approaches to IBP reduction but we still want more.
IBP reduction leads to a finite set of master integrals

j = (j1(n1), . . . , jK (nK ))ᵀ.
The choice of the master integrals is not unique and can be
viewed as the choice of the basis in the de Rham cohomology.

Differential equations ∂
∂(p1·p2) j (n) =

∑[
G−1]

i2 pi · ∂p1 j (n).
Using IBP reduction, one obtains the differential system for
master integrals:

d j = Mj
d −M is the flat Gauss-Manin connection, M is a rational
1-form of kinematic invariants depending on D as a parameter.
We need a few first coefficients jn(x) in j(x , ε) =

∞∑
n=n0

εnjn(x).

jn(x) can often be expressed in terms of multiple
polylogarithms.
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Differential system in ε-form

Henn’s observation [Henn’13]
With a suitable choice of the master integrals the ε dependence
can often be factorized in the right-hand side:

∂xJ(x , ε) = εS(x)J(x , ε) .

Moreover, in all considered examples S(x) =
∑

k
Ak

x−ak
.

General solution — path-ordered exponent
F = Pexp[ε

∫
dx S(x)] =

∑
n Fn(x)εn — can be readily

expanded in ε with the coefficients Fn(x) being the multiple
polylogarithms.
Multiple polylogs form an extremely nice class of functions:
well-understood analytical properties, wide class of relations,
fast numerical evaluation.
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Problem of reduction to ε-form

Given a differential system

∂x j(x , ε) = M(x , ε)j(x , ε)

find the change of functions

j(x , ε) = T (x , ε)J(x , ε) ,

where entries of T are rational functions of x ,
such that

∂xJ(x , ε) = ε
∑

k

Ak
x − ak

J(x , ε) , (ε-form)

or prove that T does not exist.
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Reduction to ε-form: algorithm [RL’15]

Reduce the system to global Fuchsian form.

Result
∂xJ =

∑
i

Mi (ε)
x−ai

J

Normalize residues

Result
∂y J =

∑
i

Si (ε)
y−ai

J , all evs of allSi are ∝ ε.

Factor out ε-dependence

Result
∂y J = ε

∑
i

Si
y−ai

J .
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Finding a global Fuchsian form for regular systems is closely
related to Hilbert’s 21st problem: to show that there always
exists a linear differential system of the Fuchsian class, with
given singular points and monodromic group.
Bolibrukh (1989) has proved that this problem has, in general,
negative solution, so it is not always possible to reduce the
regular system to global Fuchsian form.
However, Plemelj’s (1908) construction allows one to secure
Fuchsian form in all but maybe one singular point. Barkatou
and Pflügel (2009), based on earlier work of J. Moser (1959),
have devised an algorithm of reducing the regular system in all
but one singularity, e.g., securing that

M(x) =
∑

k

Ak
x − ak

+ P , (5)

where P is some polynomial.
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Moser’s local reduction

Suppose
M(x) = A0

xp+1 + A1
xp + O(x−p+1)

and we want to reduce the Poincare rank p. Necessarily A0 should
be nilpotent. Moser’s approach is to reduce the matrix rank
r = rankA0 step-by-step. The Moser’s criterion of reducibility is

lim
x→0

x r det[xpM − µ] = 0

as polynomial of µ. It can be shown that if this criterion holds, it
is possible to construct subspace W such that

1.W ⊂ ker A0, 2.A1W ⊂ ker A0 +W, 3. ker A0 ∩W 6= {0} .
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Let P = P2 be a projector with ImP =W. Then the
transformation

T = I − P + P
x

will necessarily reduce the Poincare rank of the leading coefficient.
Note that T is singular exactly in two points, x = 0 and
x =∞. We can consider as well the transformations
T = I − P + P x−x2

x−x1
singular at any two points x1 and x2 (we

call it the balance transformation between x1 and x2.
The balance transformation adjusted to improve the system
properties at x = x1 may worsen its properties at x2.
Barkatou and Pflügel algorithm puts x2 =∞.
The observation of [RL’15] was that we have constraints for
ImP, but ker P can be almost arbitrary. It was shown how to
fix ker P so as not to spoil the properties at x = x2.
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Irreducible cases

Had we been able to always find the ε-form, the problem of the
evaluation of the multiloop integrals, essentially, would be solved
(with some reservations of course).
However there are some examples where the ε-form can not be
achieved. Their number rapidly increases when we move towards
the more complicated families of multiloop integrals. Strict
criterion of irreducibility to ε-form is very welcome
[RL& Pomeransky (arXiv:1707.07856)].
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Criterion of (ir)reducibility[RL& Pomeransky’17]
The (ir)reducibility criterion is based on a simple but improtant

Proposition
Suppose the matrix M(x , e) is normalized Fuchsian at x = a, i.e.,

M(x , ε) = S(ε)
x − a + O

(
(x − a)0

)
, all evs of S(ε) are ∝ ε.

Then, the transformation T (x) preserves fuchsianity and
normalization ⇔ T is regular at x = a, i.e.
T (x , ε) x→a−→ T (a, ε) <∞ and det T (a, ε) 6= 0.

In particular
If M is normalized in all points, T is independent of x .
If M is normalized in all points but x = 0, T (x) and T−1(x)
are both polynomial in x−1.
If M is normalized in all points but x = 0 and x =∞, T (x)
and T−1(x) are both Laurent polynomial in x .
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Criterion of (ir)reducibility[RL& Pomeransky’17]

Pick two arbitrary singular points x1 and x2 and map them
onto 0 and ∞ with Moebius transformation.
Reduce (twice) the system to normalized Fuchsian form
everywhere except one of the points. Let T0(y) and T∞(y)
be the corresponding transformations.
Let U = T−1

∞ T0. Then, necessarily, either the system is not
reducible, or U decomposes as

U = Q∞(y)Q−1
0

(
y−1

)
,

where Q∞ and Q0 are polynomial in their arguments, together
with their inverse matrices.
Finding such a decomposition is a variant of the
Riemann-Hilbert problem and can be done via simple
algorithm (see [ arXiv:1707.07856] for details).
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Multiscale integrals

Let us remark about the application of the reduction algorithm in
multiscale setup. We have now several differential systems

∂iJ = Mi (x, ε)J

suppose we have managed to reduce the first system to ε-form:

∂1J = εS1(x)J

What transformations T can we use for the remaining systems?

thanks to the formulated proposition, T can not depend on x1.
ε-dependence is likely to be factorized into a common factor.

NB: For several variables the ε-form dJ = εSJ the integrability
condition εdS = ε2S ∧ S means that both lhs and rhs are zero, i.e.,
S is closed. The system is therefore in Pfaffian form (“dlog” form).
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Irreducible cases
(L > 1)-loop massive sunrises:

, , . . .

What is the appropriate class of functions for irreducible DEs?
What counts: known analytic properties, “minimality” of the set,
possibility to calculate efficiently with arbitrary precision.

Iterated elliptic and modular integrals
For some cases the question raised has an answer (or variants of
answers): the ε-expansion can be expressed via iterated integrals
over modular forms or via elliptic polylogs (Broedel, Duhr,
Tancredi, Vanhove, Weinzierl,...).
However, it looks fair to say that no general prescription of how
to deal with irreducible cases exists.
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Symmetric ε- and (ε + 1/2)- forms

Remark
Note that if ε-form of the differential system exists near D = 4, it
necesarily exists near any even D, and vice versa. This is due to
dimensional recurrence relation j(D + 2, x) = L(D, x)j(D, x) (I
have no time to discuss in details).
In contrast, near odd D the ε-form can or can not exist.

Observation 1
For many known irreducible cases (i.e., when ε-form does not exist
near even D), there exists ε-form near odd D. We will call the
latter the (ε+ 1/2)-form.

Observation 2
The matrix S in the ε- or (ε+ 1/2)-forms can be made symmetric
by a suitable constant transformation.
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Quadratic constraints for (ε + 1
2)-form,

[RL’18,RL&Pomeransky’19] I

Complex object
For each case reducible to symmetric (ε+ 1

2 )-form (including, in
particular, cases irreducible to ε-form) we have the formal solution

F (x , x0, ε) = Pexp[(ε+ 1
2 )

x∫
x0

dxS(x)] ,

whose ε-expansion is no more simple and includes
non-polylogarithmic functions. For a few known cases those appear
to be iterated integrals over modular forms or elliptic functions.
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Quadratic constraints for (ε + 1
2)-form,

[RL’18,RL&Pomeransky’19] II

Simple constraints
Nevertheless, we have a simple way to obtain bilinear constraints

F ᵀ(x , x0,−ε)R(x , ε)F (x , x0, ε) = R(x0, ε)

with rational matrix R(x , ε) which can be determined using
standard methods. When expanded in ε, this identity gives many
constraints for the coefficients of ε-expansion of the fundamental
solution F (x , x0, ε) (as the coefficient of ε-expansion of
F ᵀ(x , x0,−ε) are trivially related to those of F (x , x0, ε)).
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Example: 2-loop sunrise for D = 2− 2ε I

The homogeneous differential system has the form

∂s j(s, ε) =
[

−2ε+1
s −3

s
− (s−3)(2ε+1)(3ε+1)

(s−9)(s−1)s − s2ε+s2+10sε−27ε−9
(s−9)(s−1)s

]
j(s, ε) ,

This system can not be reduced to ε-form but can be reduced to
(ε+ 1/2)-form. We pass to the variable x =

√
s and apply the

algorithm of [RL’14]. Then we search for the constant matrix L to
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Example: 2-loop sunrise for D = 2− 2ε II
obtain the symmetric (ε+ 1

2 )-form. This gives us the following
transformation

j(x2, ε) = T (x , ε)J(x , ε),

T (x , ε) =
4εΓ

(
ε+ 1

2

)
Γ(3ε+ 1)

√
πΓ(ε+ 1)

(
1

√
3

x
0 −3ε+1√

3x

)
,

where J(x , ε) are the new functions. The overall factor
4εΓ(ε+ 1

2 )Γ(3ε+1)√
πΓ(ε+1) in the definition of T (x , ε) is not important for the

form of the resulting differential system, but simplifies the matrix
R(x , ε) entering the dimensional recurrence system. The
differential system and dimensional recurrence relations have the
forms

∂xJ(x , ε) =
(
ε+ 1

2

)
S(x)J(x , ε) ,

J(x , ε− 1) = R(x , ε)J(x , ε) ,
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Example: 2-loop sunrise for D = 2− 2ε III
where

S(x) =

 − 4x(x2−7)
(x2−9)(x2−1)

4
√

3(x2−3)
(x2−9)(x2−1)

4
√

3(x2−3)
(x2−9)(x2−1) − 2(x4+4x2−9)

x(x2−9)(x2−1)


R(x , ε) =

 (
x4 − 30x2 + 45

)
ε −

√
3 (x2−9)(x2−1)+2(x4−9)ε

x√
3 (x2−9)(x2−1)−2(x4−9)ε

x −3(5x4−30x2+9)ε
x2

 ,
Note that R(x , ε) is a linear function of ε with the property
R(x , ε) = −Rᵀ(x ,−ε). The ε-expansion of the (cut) sunrise
integral is known in terms of the iterated integrals over modular
forms. The first two terms are expressed via complete elliptic
integrals K and E.
We have checked that the quadratic constraints for two first orders
in ε lead to the Legendre relation for the elliptic integrals:

KE′ + EK′ −KK′ = π

2
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Example: 2-loop sunrise for D = 2− 2ε IV

Remarkably, in Ref. [Tarasov’06] the sunrise has been calculated
exactly in D in terms of the hypergeometric function. In particular,
the two solutions of the homogeneous system have been found:

j(1)
1 (s, ε) =

(
− s

(s−1)2

)ε
s + 3 2F1

(1
3 ,

2
3; 1− ε; y

)
(6)

j(2)
1 (s, ε) = (9− s)−2ε

s + 3 2F1

(1
3 ,

2
3; ε+ 1; y

)
, (7)

where
y = 27(s − 1)2

(s + 3)3 .

So we can see how the exact constraints look like. The
combinations J(a)ᵀ(x ,−ε)R(x , ε)J(b)(x , ε) for various a and b are
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Example: 2-loop sunrise for D = 2− 2ε V
independent of x (here J(a) = T−1j (a), a = 1, 2). The constants
can be easily fixed by taking the limit x → 0. We have

J(1)ᵀ(−ε)R(ε)J(1)(ε) = −J(2)ᵀ(−ε)R(ε)J(2)(ε) = 1
3ε sin(3πε) cot(πε),

J(1)ᵀ(−ε)R(ε)J(2)(ε) = J(2)ᵀ(−ε)R(ε)J(1)(ε) = 0 .

The two first constraints result in the following curious identity

2F1
(

1
3 ,

2
3 ; 1− ε; y

)
2F1

(
1
3 ,

2
3 ; ε+ 1; y

)
+ (y−1)

3ε 2F1
(

2
3 ,

4
3 ; 1− ε; y

)
2F1

(
1
3 ,

2
3 ; ε+ 1; y

)
+ (1−y)

3ε 2F1
(

1
3 ,

2
3 ; 1− ε; y

)
2F1

(
2
3 ,

4
3 ; ε+ 1; y

)
= 1 (8)

Indeed, this identity is valid, which can be checked independently
by first differentiating it and then finding the constant, e.g., via
substitution y → 0. When this identity is expanded in ε, it gives
nontrivial identities between the iterated integrals of modular
forms.
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Summary
Many topics remain beyond this presentation: parametric and
Baikov representations, number of master integrals as Milnor
number and as Euler characteristic, relation to GKZ
hypergeometric functions, commutative algebra approach to
the IBP reduction, unitarity methods,. . .
The technique of calculating the multiloop integrals
expressible via multiple polylogs is well developed and highly
automatized. However, the examples of non-polylogarithmic
multiloop integrals become more numerous.
For many irreducible examples (but not for all) the symmetric
(ε+ 1/2) form exists and then it is possible to obtain a lot of
quadratic constraints for the coefficients of ε expansion.
For a few known non-polylogarithmic examples the results can
be expressed as iterated integrals of modular forms. In fact,
most of the obtained results concern only one simplest
example: two-loop sunrise (with some reservations). Other
numerous examples might be waiting for experts from the
present audience. 27



Thanks!
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