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String amplitudes
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Figure: Four open strings
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Figure: Four closed strings



Four-point amplitudes at genus zero

Open strings: the Veneziano amplitude

A
(op)
0,4 (s, t) =

∫
[0,1]

xs−1(1− x)t−1dx =
Γ(s)Γ(t)

Γ(s+ t)
.

Closed strings: the Virasoro-Shapiro amplitude

A
(cl)
0,4 (s, t) =

∫
P1
C

|z|2s−2|1− z|2t−2 dzdz

(−2πi)
=

Γ(s)Γ(t)Γ(1− s− t)
Γ(1− s)Γ(1− t)Γ(s+ t)

.
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The single-valued projection

Laurent expansion of A(op)
0,4 (s, t)

A
(op)
0,4 (s, t) =

s+ t

st
exp

(∑
n≥2

(−1)nζ(n)

n

(
sn + tn − (s+ t)n

))
.

Laurent expansion of A(cl)
0,4 (s, t)

A
(cl)
0,4 (s, t) =

s+ t

st
exp

(
−2
∑
n≥1

ζ(2n+ 1)

(2n+ 1)

(
s2n+1+t2n+1−(s+t)2n+1

))
.

The single-valued projection

Define sv
(
ζ(2k)

)
= 0 and sv

(
ζ(2k + 1)

)
= 2ζ(2k + 1)

Then sv
(
A

(op)
0,4 (s, t)

)
= A

(cl)
0,4 (s, t).
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Genus one, two points, closed strings

The Green’s function on the torus

Let τ ∈ H, Eτ := C/Zτ + Z, z ∈ Eτ . Define

G(z, τ) := − log

∣∣∣∣θ1(z, τ)

η(τ)

∣∣∣∣2 +
2π Im(z)2

Im(τ)
.

The configuration space amplitude

Consider the measure dµ(z) = i dz dz
2 Im(τ) on Eτ and define

A
(cl)
1,2 (s, τ) :=

∫
Eτ
esG(z,τ) dµ(z) =

∑
l≥0

sl

l!

∫
Eτ
G(z, τ)l dµ(z).

Definition (D’Hoker, Green, Gurdogan, Vanhove)

We call Dl(τ) :=
∫
Eτ G(z, τ)ldµ(z) (2-point) modular graph functions.
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Two-point modular graph functions

Lattice sum representation

Since G(uτ + v, τ) = Im(τ)
π

∑
m,n

exp(2πi(nu−mv))
|mτ+n|2 then

Dl(τ) =

(
Im(τ)

π

)l ∑
m1,n1,...,ml,nl∑
mi=

∑
ni=0

1

|m1τ + n1|2 · · · |mlτ + nl|2
.

In particular Dl(γτ) = Dl(τ) for all γ ∈ SL2(Z).

Examples

D1(τ) = 0

D2(τ) = E(2, τ)

D3(τ) = E(3, τ) + ζ(3)

D4(τ) = Y 4

945+ 2ζ(3)Y
3 + 10ζ(5)

Y − 3ζ(3)2

Y 2 + 9ζ(7)
4Y 3 +O(e−Y ), Y := 2πIm(τ)
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The leading term as τ → i∞

Proposition (Green, Russo, Vanhove; Zagier)

A
(cl)
1,2 (s, τ) = esY/6

∞∑
n=0

(
Y n

(2n+ 1)!!
−
n−1∑
k=1

(2k − 3)!!γn,k
(−Y )k

)(−s
2

)n
+O(e−Y ) (Y := 2πIm(τ)→ +∞),

where the coefficients γn,k are given by the special MZVs

γn,k :=

n−k−1∑
r=0

(−2)r+2

(
n− r + k − 3

2k − 2

)
Z(k + n− r, r) (0 < k < n) ,

Z(m, r) :=
∑

r∈{1,2}j , j≥0
r1+···+rj=r

2#{i : ri=1} ζ(r,m) (m ≥ 2, r ≥ 0).
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The numbers γn,k

γ2,1 = 4ζ(3) γ3,2 = 4ζ(5)

γ3,1 = 0 γ4,2 = 8ζ(3)2

γ4,1 = 12ζ(5) γ5,2 = 24ζ(7)

γ5,1 = −8ζ(3)2 γ6,2 = 32ζ(5)ζ(3)

γ6,1 = 36ζ(7) γ7,2 =
292

3
ζ(9)− 64

3
ζ(3)2

Define the generating function

G(X,Y ) :=
1

X (X + Y ) (Y −X)
+

∑
n>k>0

γn,kX
n−k−1 Y 2k−2

Theorem (Zagier, Z.)

G(X,Y ) =
2A

(cl)
0,4 (2X,−X − Y )

(Y −X)2
.
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Genus one, two points, open strings

Restrict G(z, τ)/2 to τ ∈ iR+ and “B-cycle” z ∈ Rτ/Zτ and get

P (z, τ) = − log

∣∣∣∣θ1(z, τ)

η(τ)

∣∣∣∣− iπ

τ

(
z2 +

1

6

)
.

Define the (cylinder, 2-point) configuration space amplitude

A
(op)
1,2 (s, τ) :=

∫
Rτ/Zτ

es P (z,τ) dz

τ
=
∑
l≥0

sl

l!

∫
Rτ/Zτ

P (z, τ)l
dz

τ
.

Unique holomorphic extensions of Bl(τ) :=
∫
Rτ/Zτ PB(z, τ)ldz/τ to H

are called (2-point) holomorphic graph functions.

Examples

B1(τ) = 0, B2(τ) ∼ G̃4(τ), B3(τ) ∼ G̃6(τ).
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The leading term as τ → i∞

Proposition (Zagier, Z.)

A
(op)
1,2 = esT/6−ζ(2)s/T

∑
n≥0

(
Tn

(2n+ 1)!!
−

n∑
k=1

(2k − 3)!! ηn,k
(−T )k

)(
− s

2

)n
+O(e−T ) (T := πτ/i→ +∞),

where the coefficients ηn,k are given for 0 < k ≤ n by the special MZVs

ηn,k :=
n−k−1∑
r=−1

(−2)r+2

(
k + n− r − 3

2k − 2

)
ζ(1, · · · , 1︸ ︷︷ ︸

r+1

, k + n− r − 1).
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The numbers ηn,k

η1,1 = −ζ(2) η2,2 = −2ζ(4)

η2,1 = 2ζ(3) η3,2 = 2ζ(5)− 4ζ(3)ζ(2)

η3,1 = −9ζ(4) η4,2 = 2ζ(3)2 − 29

2
ζ(6)

η4,1 = 6ζ(5) + 4ζ(3)ζ(2) η5,2 = 12ζ(7)− 14ζ(3)ζ(4)− 8ζ(5)ζ(2)

η5,1 = −2ζ(3)2 − 61

2
ζ(6) η6,2 = 8ζ(3)ζ(5) + 8ζ(3)2ζ(2)− 703

12
ζ(8)

η7,3 = 20ζ(7)ζ(3) + 10ζ(5)2− 10ζ(3)2ζ(4)− 8ζ(5)ζ(3)ζ(2)− 5707

40
ζ(10)

Fact:
∑
k,r≥1

ζ(1, · · · , 1︸ ︷︷ ︸
r−1

, k + 1) sk tr = 1 − Γ(1− s) Γ(1− t)
Γ(1− s− t)

.

Corollary: All numbers ηn,k are polynomials in single zeta values with
rational coefficients.
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η3,1 = −9ζ(4) η4,2 = 2ζ(3)2 − 29

2
ζ(6)

η4,1 = 6ζ(5) + 4ζ(3)ζ(2) η5,2 = 12ζ(7)− 14ζ(3)ζ(4)− 8ζ(5)ζ(2)

η5,1 = −2ζ(3)2 − 61

2
ζ(6) η6,2 = 8ζ(3)ζ(5) + 8ζ(3)2ζ(2)− 703

12
ζ(8)

η7,3 = 20ζ(7)ζ(3) + 10ζ(5)2− 10ζ(3)2ζ(4)− 8ζ(5)ζ(3)ζ(2)− 5707

40
ζ(10)

Fact:
∑
k,r≥1

ζ(1, · · · , 1︸ ︷︷ ︸
r−1

, k + 1) sk tr = 1 − Γ(1− s) Γ(1− t)
Γ(1− s− t)

.

Corollary: All numbers ηn,k are polynomials in single zeta values with
rational coefficients.
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Genus one vs genus zero

Define the generating function

E(X,Y ) :=
1

X (X + Y ) (Y −X)
+

∑
n≥k>0

ηn,kX
n−k−1 Y 2k−2

Proposition (Zagier, Z.)

The numbers ηn,k are polynomials in single zeta values with rational
coefficients, explicitly given in terms of the coefficients of A(op)

0,4 by

E(X,Y ) =

(
sin
(
π(X + Y )

)
sin
(
π(Y −X)

) − 1

)
A

(op)
0,4 (2X,−X − Y )

X (Y −X)
.
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Proposition (Zagier, Z.)
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sin
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(op)
0,4 (2X,−X − Y )
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Single-valued projection at genus 1

Compare:

η1,1 = −ζ(2) γ1,1 = 0

η2,1 = 2ζ(3) γ2,1 = 4ζ(3)

η3,1 = −9ζ(4) γ3,1 = 0

η4,1 = 6ζ(5) + 4ζ(3)ζ(2) γ4,1 = 12ζ(5)

η5,1 = −2ζ(3)2 − 61

2
ζ(6) γ5,1 = −8ζ(3)2

η7,3 = 20ζ(7)ζ(3) + 10ζ(5)2 − 10ζ(3)2ζ(4)− 8ζ(5)ζ(3)ζ(2)− 5707

40
ζ(10)

γ7,3 = 80ζ(7)ζ(3) + 40ζ(5)2

Conjecture (Broedel, Schlotterer, Z. - 2018): sv(ηn,k) = γn,k
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Single-valued projection at genus 1

Open strings

A
(op)
1,2 = esT/6−ζ(2)s/T

∑
n≥0

(
Tn

(2n+ 1)!!
−

n∑
k=1

(2k − 3)!! ηn,k
(−T )k

)(
− s

2

)n
+O(e−T ) (T := πτ/i→ +∞).

Closed strings

A
(cl)
1,2 (s, τ) = esY/6

∞∑
n=0

(
Y n

(2n+ 1)!!
−
n−1∑
k=1

(2k − 3)!!γn,k
(−Y )k

)(−s
2

)n
+O(e−Y ) (Y := 2πIm(τ)→ +∞),



Single-valued projection at genus 1

ζ(2)→ 0, ηn,k → γn,k, T → Y (log q → log |q|2)
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Single-valued projection at genus 1

Recall:

G(X,Y ) = 2A
(cl)
0,4 (2X,−X − Y )/(Y −X)2

E(X,Y ) =

(
sin
(
π(X+Y )

)
sin
(
π(Y−X)

) − 1

)
A

(op)
0,4 (2X,−X − Y )/X (Y −X)

sv
(
A

(op)
0,4 (s, t)

)
= A

(cl)
0,4 (s, t)

Theorem (Zagier, Z.)

sv
(
E(X,Y )

)
= G(X,Y ) and therefore sv(ηn,k) = γn,k

Proof: sv

(
sin
(
π(X+Y )

)
sin
(
π(Y−X)

) − 1

)
= 2X/(Y −X).
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Summary

A
(op)
0,4 (s, t) A

(cl)
0,4 (s, t)

A
(op)
1,2 (s, τ) A

(cl)
1,2 (s, τ)

sv

sv

τ→i∞ τ→i∞



Summary

A
(op)
0,4 (s, t) A

(cl)
0,4 (s, t)

A
(op)
1,2 (s, τ) A

(cl)
1,2 (s, τ)

sv

sv

τ→i∞ τ→i∞



THE END
Thanks for your attention!


	

