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Figure: Four open strings
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Figure: Four closed strings
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A((]C’B(s’t) - / |2|272]1 — 2|22
Pg

dzdg

(—2mi) =

L(s)D(H)P(1 — s —t)

F1—s)LQ—-t)(s+1t)
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Aé&)(s’ )= ( 9 Z C(;:_:-ll 2n+1+t2n+1_(s+t)2n+l)).
The single-valued projection
Define sv(¢(2k)) = 0 and sv(¢(2k + 1)) = 2¢(2k + 1)
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AS) (s,

- ( 22g2n+1

(2n+1)

2n+1+t2n+1_(s+t)2n+l)).
Define sv({(2k)) = 0 and sv(¢(2k + 1)) =2
Then sv(ASY (s,1)) = AT (s, 8).

2k +1)
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Let 7 € H, & :=C/Z71 + Z, z € &,. Define

2
G(z,7):=—log 61(z,7)

n(7)

27 Im(z)?2
Im(7)
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Let 7 € H, & :=C/Z71 + Z, z € &,. Define

01(z,7) > 2mIm(z)2
G(z,7) == —1 + )
=7 ¢ n(r) Im(7)
Consider the measure du(z) = Qlfnﬁ(f)

on &, and define

AL (s,m) = /a e ) dp(z) = Y

s
l_'/g G(z,7)" dp(z).
T >0 Yér
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<
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Genus one, two points, closed strings

The Green's function on the torus
Let 7 € H, & :=C/Zr + Z, z € &,. Define

01(z,7)|
n()

27 Im(z)?2

G(z,7) := —log m(r)

The configuration space amplitude

Consider the measure du(z) = ;ﬁif) on &, and define

Agf;)(sﬂ-) ::/5 SG(ZT)dM Zl'/ GZT du )

v >0

Definition (D'Hoker, Green, Gurdogan, Vanhove)
We call Dy(7) := [, G(z,7)'du(z) (2-point) modular graph functions.




Q>



Slnce G(UT + vy T) = |m7$-7') me

exp@mi(nu—muv)) o

ImT+n|
Di(r) = ("

™

S

))’ 1
2.
MM ,. T, |m17— ue n1|

e

(O o <=



Since G(ur + v, 7) = 'mfrf) S xp@ri(nu—mv)) yphap

el
Dy(r) = (m

™

>mi=

))’ 1
2.
mai,ny,..., M, |mlT + nl'

In particular D;(y7) = Dy(r) for all v € SLo(Z).

|y 42
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Two-point modular graph functions

Lattice sum representation

Since G(ur + v, 7) = M) > exp(@mi(nu—muv)) 4o

1

ImT+4n|?
Di(r) = <Im(7')

In particular D;(vy7) = D(7) for all v € SLo(Z).

l
w ) M, .., T MY |m17—+n1|2"'|ml7—+nl|2.

Examples
Di(r) =0
Dy() = E(2,7)
Dy(r) = E(3,7) +¢(3)

2
Dufr) = o+ KO 4 140X, 40 40—,

Y = 2xIm(7)
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The leading term as 7 — 100

Proposition (Green, Russo, Vanhove; Zagier)

(cl) oy 0 yn n—1 (2]€ _3)”771 —s\ "
A (s,7) = e¥/® ;(M _ ; (_Y)kk) ()
-+ O(e_Y) (Y :=2xlm(7) = +00),

where the coefficients ~y,, 1, are given by the special MZVs

et n—r+k—3
— _o\r+2 - - .
Tnk = ;:0 (-2) ( 9 — 9 )Z(k+n T,T) (0<k<n),

Zim,r):= > 2= (nm)  (m =2, >0).

re{1,2}7,7>0
r1+-tr;=r




Y21 = 4¢(3) 73,2 = 4¢(5)

Y31 =0 Y12 = 8((3)?

Ya,1 = 12¢(5) V5,2 = 24¢(7)

¥s5,1 = —8(¢(3)* 76,2 = 32¢(5)¢(3)

0.1 = 360(7) Tma = 200(0) ~ 50
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Y2,1 = 4¢(3) 73,2 = 4¢(5)
73,1 =0 Y42 = 8((3)?
ya,1 = 12¢(5) V5,2 = 24¢(7)
¥s5,1 = —8¢(3)* 76,2 = 32¢(5)¢(3)
292 64
v6,1 = 36¢(7) Yr2 = TC(g) - ?C(3)2
Define the generating function
o 1 n—k—1v-2k—2
XY = vy —m > gk XY

n>k>0

«4O>» «Fr «=)r» «E)»
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V2,1 = 4¢(3) 73,2 = 4¢(5)

Y31 =0 Y12 = 8((3)?

Ya,1 = 12¢(5) V5,2 = 24¢(7)

¥s5,1 = —8(¢(3)* 76,2 = 32¢(5)¢(3)

0.1 = 360(7) Tma = 200(0) ~ 50

Define the generating function

1

IXY) = ¥ xTviv =D

+ Z Yk Xn—k—l Y2k—2
n>k>0

2A5)(2X,~X ~Y)
Y —X)?

GX)Y) =

s
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Restrict G(z,7)/2 to 7 € iR™ and “B-cycle” z € R7/Z7 and get

P(z,7) = —log 01(2,7)

n(7)

(gL
“(245)
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Genus one, two points, open strings

Restrict G(z,7)/2 to 7 € iRT and "B-cycle” z € R7/Z7 and get
01(2, T)

nm | W( " é)

Define the (cylinder, 2-point) configuration space amplitude

y dz
A(OP) 5,7T) 1= / 9 (z,7) &= /
2 ( ) Rt /ZT T Z I Rt /Zt

>0

P(z,7) = —log




Genus one, two points, open strings

Restrict G(z,7)/2 to 7 € iRT and "B-cycle” z € R7/Z7 and get
01(2, T)

nm | W( " é)

Define the (cylinder, 2-point) configuration space amplitude

y dz dz
A(OP) 5,7T) 1= / 9 (z,7) &= / )
2 ( ) Rt /ZT T Z I Rt /Zt

>0

P(z,7) = —log

Unique holomorphic extensions of B;(T er/Z 5(z, 7)ldz/T to H
are called (2-point) holomorphic graph functlons



Genus one, two points, open strings

Restrict G(z,7)/2 to 7 € iRT and "B-cycle” z € R7/Z7 and get
01(2, T)

nm | W( " é)

Define the (cylinder, 2-point) configuration space amplitude

y dz dz
A(OP) 5,7T) 1= / 9 (z,7) &= / )
2 ( ) Rt /ZT T Z I Rt /Zt

>0

P(z,7) = —log

Unique holomorphic extensions of B;(T er/Z 5(z, 7)ldz/T to H
are called (2-point) holomorphic graph functlons

Examples

By(1) =0, Bo(1) ~ Ga(T), Bs(1) ~ Ge(7).
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The leading term as 7 — 100

Proposition (Zagier, Z.)

(0p) _ _sT/6—¢(2)s/T ™ k=3 s\
Az =e 2 ((2n+1)!! 2 (—T)* 2

n>0 k=1
+0(e™ ™) (T :=77/i > +0),

where the coefficients 1y, 1, are given for 0 < k < n by the special MZVs

el k+n—r—3
Tk = Y (—2)"+2< ok 9 )g(l,--- L k+n—r—1).
r=—1 r+1




ma = —¢(2) 2,2 = —2((4)
n21 = 2¢(3) n3,2 = 2¢(5) — ( )¢(2)

n3,1 = —9¢(4) N2 = 2¢(3)* — —C( )
1 =) HACO(D) = 1(T) - 1ACEK(E) — SEK )
mor = 2B - 50 mes = BE)E) +EBXER) ~ ()

u]
8]
1
ul
it
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The numbers 7,

ma = = —((2)
N2, = 2¢(3

)
n3,1 = —9¢(4)

7741—64(5)‘*‘4(( ) (2)
51 = —2((3)" — *C( )

nN2,2 = —2((4)

n3,2 = 2¢(5) — 4 ( )¢(2)

M2 = 2((3)* — f<< )

ns,2 = 12¢(7) — 14¢(3)¢(4) — 8¢(5)¢(2)

o2 = 8C(B)C(5) + 8C(3)2C(2) — T2¢(9)

5707

17,3 = 20C(7)¢(3) +10(5)* — 10¢(3)%¢(4) — 8¢(5)¢(3)¢(2) — —0 $(10)



The numbers 7,

ma = —¢(2) nN2,2 = —2((4)

2,1 = 2¢(3) n3,2 = 2¢(5) — 4 ( )¢(2)

3.1 = —9¢(4) M2 =2((3)* — f<< )

1 6 TR ma = 1000~ G ~ K OK
Toa = 2B~ DCO) w2 = CBIC) + 83— (8)

s = 20C(1C(3) +106(5)° ~ 100(3)°C(4) ~ 8C(B)CB)(2) — 217 ¢(10)

'l—-s)r'(1—1t)
MNl-—s—1t)

Fact: Z {(1,---,1,k+1)skt":1—
———

k,r>1 r—1



The numbers 7,

ma = —¢(2) nN2,2 = —2((4)

2,1 = 2¢(3) n3,2 = 2¢(5) — 4 ( )¢(2)

3.1 = —9¢(4) M2 =2((3)* — f<< )

1 6 TR ma = 1000~ G ~ K OK
Toa = 2B~ DCO) w2 = CBIC) + 83— (8)

s = 20C(1C(3) +106(5)° ~ 100(3)°C(4) ~ 8C(B)CB)(2) — 217 ¢(10)

'l—-s)r'(1—1t)
MNl-—s—1t)

Fact: Z CA,---, Lk+1)s"t" =1 —
———

k,r>1 r—1

Corollary: All numbers 7, ;, are polynomials in single zeta values with
rational coefficients.
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Define the generating function

E(X,Y) = L

X(X+Y)(Y -X)

4 Z Nk X’n—k—l Y2k—2
n>k>0

«O>r «Fr <
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Genus one vs genus zero

Define the generating function

1

EXY) = s vy —x

+ E Nk ankfl Y2k72
n>k>0

Proposition (Zagier, Z.)
The numbers 1, i, are polynomials in single zeta values with rational
coefficients, explicitly given in terms of the coefficients of A(Op) by

sin (r(X +Y)) ) ATD(2X,-X ~Y)

EXY) = (sin (r(Y — X)) X (Y - X)
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Compare:
ma=—¢(2) 71.1=0
n2,1 = 2¢(3) Ye,1 = 4((3)
n3.1 = —9¢(4) Y31 =0
na1 = 6¢(5) +4¢(3)¢(2) Ya1 = 12¢(5)
o = ~20(3)° — 5(6) Yo = —8C(3)?

«O>» «F>r» «E» «
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Single-valued projection at genus 1

Compare:
ma = —¢(2) Y1,1 =0
n2,1 = 2¢(3) Yo,1 = 4¢(3)
n3,1 = —9¢(4) 73,1 =0
N1 = 6¢(5 )+4C( ) (2) Ya1 = 12¢(5)
ms1 = —2((3)% — *C( ) V5.1 = —8¢(3)?
s = 200(7)C(3) + 106(5)* — 100(3)%C(4) — 8C(5)CB)C(2) — "3 ¢(10)

V7,3 = 80C(7)¢(3) + 40¢(5)?



Single-valued projection at genus 1

Compare:
ma = —¢(2) Y1,1 =0
n2,1 = 2¢(3) Y21 = 4¢(3)
n3,1 = —9¢(4) 3,1 =0
N1 = 6¢(5 )+4C( ) (2) Ya1 = 12¢(5)
ms1 = —2((3)% — *C( ) Y51 = —8((3)?
s = 20C(TC(3) + 100(5)” ~ 106(3)°C(4) — SC(B)()C(2) — 200 ¢(10)

V7,3 = 80C(7)¢(3) + 40¢(5)?

Conjecture (Broedel, Schlotterer, Z. - 2018): sv(9y, k) = Yn.k



A "

2k — 3)!1 e
n+ 1)l kz

—  (-D)F )(_g)"
L o= il = =29

1 N . -
AL (s,m) = e¥/° Z((

(% — B 1 /sy
mr o) (3)
(Y :=27Im(7) — +00),

ALY = s T/6-¢@)s/T 3™ ((2
n20

+0(e™ 1)

n=0

(O S <=

<

>
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(0

Mk =7 Ik

| _ & ) (Qk_s)!!nnk S n
Ag S) — 5T/6-C(2)s/T Z (— ) Z —k7> ( _ _)
S\l & (D) 5
arF O(G_T) (T = ﬂ-T/i N +Oo)

o0
)

n—1
() _ _sY/6 yn (2k — 3)1y, 1
A (s,7) = ¥/ Z(m—z— (

(=Y)* %)
+0(e™) (Y = 2nlm(7) — +00),

(O < <= o«

o>



Recall:

0 G(X,Y) = 242X, X —Y)/(Y - X)?

O < <=

«E>»

Q>



Recall:

0 G(X,Y) = 242X, X —Y)/(Y - X)?

° £(X,Y) = (sin (rx+1)

sin (r(Y—X))

1) ASD(0X, X V)X (Y - X)

(O B < ES

«E>»
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Recall:

o G(X,Y) = 242X, —X — V)/(¥ - X)?
_(sin(xx4))
° £(X)Y) = m

1) ATY (X, —X —Y)/X (Y - X)
o SV(Ag,)AILD) (33 t)) = A(()(:L) (S’ t)

(o> <Fr <=

«E»
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Recall:

° G(X,Y) = 245)2X,~X —Y)/(Y - X)?

o £(X,Y) = (sin (r(x+Y))

sin i‘ir(Y—X) ’ N

o sv(AFY (s,t)) = ALY (s.1)

SV(S(X, Y)) = G(X,Y) and therefore sv(1, k) = Ynk

1) ALY (2X,-X = Y)/X (Y - X)

40> «Fr «=>»

<
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Recall:

° G(X,Y) = 245)2X,~X —Y)/(Y - X)?

o £(X,Y) = (sin (r(x+Y))

sin i‘ir(Y—X) ’ N

o sv(AFY (s,t)) = ALY (s.1)

1) ALY (2X,-X = Y)/X (Y - X)

sv(S(X, Y)) = G(X,Y) and therefore sv(1, k) = Ynk
Proof: sv (M _

sin (W(Y—X)) 1) - 2X/(Y - X)

«40O0>» «Fr» «=)>»
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o sV cl
A((),élf) (8’ t) — A((),4) (87 t)

‘r—)iooT T_HOOT

AP (s,7) =2 AT (s,7)

«O>» «F>» «E» «E>» = QR



THE END

Thanks for your attention!



	

