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Mirror pairs

For every fixed o € C assume
> E: W, (x) := x13 + x23 + xg + ox1x0x3,
> £ Wo(x)i=x{ + x5+ X3 4 oxPxd,
> Eg: W,(x):=xP + 53 + X3 + oxtx.

Alexey Basalaev



Mirror pairs

For every fixed o € C assume

> E: W, (x) := x13 + x23 + xg + ox1x0x3,

> £ Wo(x)i=x{ + x5+ X3 4 oxPxd,

> Eg: W,(x):=xP + 53 + X3 + oxtx.
Theorem[Satake-Takahashi, Milanov-Ruan-Shen]

Simple elliptic singularity W, is mirror to orbifold X

]P>§7373, for E6, M
Za Za Zo

X = ]P)‘]i,4727 fOr E7’ — o e e

Pgso, for Es. Zo 43 7o

so-called elliptic orbifolds.
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Gromov-Witten theory

Let X be a (projective, algebraic) variety § € Hy(X,Z) and
Mg n(X, B) — the moduli space of stable maps to X.

> Y1,...,7, € H*(X) — the basis of the cohomology ring.
Define:

<7i17 cee a’yin>§,n,,8 = /[M x ﬁ)]m eV,'f’Yil ARSRNA ev;:’}/ina
g,n(A,

where ev; : Mg (X, 8) — X — evalutation morphisms.

Definition:
The genus g GW potential .7-";( = ]:g),((tl, ..., t,) reads.

1

X . X

.Fg = E n!<7f17""7in>g,n,ﬁti1"'tin'
n7ﬁ
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Frobenius manifold of elliptic orbifolds

» 1 = (n;) is a constant non—degenerate bilinear form
L BF

T oeiateota’

» for every fixed 1 < i, j, k, | < p, .7-" satisfies WDVV eq.

1<1i,j<p

nPd P
p 8t,-6tj8tp 8tq8tk8t, t,@tkﬁtp 81},01}81‘.‘/

PFg PFg Z PR PFg
0

Proposition

For X = Py, 2,25, Fo< defines a Frobenius manifold structure
My = (CH=1 x H, 0,7) with p1:= 3>_, ap — 1:

0,0 N~ PR w0 (0 0N
ot~ ot L= ototot, | ot —
p=1

- ot;’ ot
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Frobenius manifold of elliptic orbifolds
» 1 = (n;) is a constant non—degenerate bilinear form
L BF
T getgteata’

» for every fixed 1 < i, j, k, | < p, .7-" satisfies WDVV eq. =
associativity equation

PFg PFg EE: PR PFg
0

1<1i,j<p

nPd P
p 8t,-6tj8tp 8tq8tk8t, t,@tkﬁtp 81},81}81‘.‘/

Proposition

For X = Py, 2,45, F5 defines a Frobenius manifold structure
My = (CH=1 x H, 0,7) with p1:= 3>_, ap — 1:

0,0 N~ PR w0 (0 0N
ot~ ot L= ototot, | ot —
p=1

- ot;’ ot
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The unfolding of W,
ow, ow, ow, >

['W = (C[Xl,Xz,X3]/< a aX3

and g :=dim(Ly) < 0o
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The unfolding of W,
ow, ow, ow, >

[’W _(C[X17X27X3]/ < a aX3

and p := dim(Lw) < co. Consider the unfolding of W, (x):

W(x,si,...,s,) = W(x)+ Z SkPk(x)

> C<¢17""¢H> :EW and ¢1 = 1,
» (s1,...,5,) € S C C* — the base space of the unfolding
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The unfolding of W,
ow, ow, ow, >

[’W _(C[X17X27X3]/ < a aX3

and p := dim(Lw) < co. Consider the unfolding of W, (x):

W(x,si,...,s,) = W(x)+ Z SkPk(x)

> C<¢17""¢H> :EW and ¢1 = 1,
» (s1,...,5,) € S C C* — the base space of the unfolding

Endow TS with the product o having the str.constants c,-f(s)

OWOW _ W oy (IW W oW
(95,' 8.“7 N Js, Sk 8X1 ’ aXQ7 6X3
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Saito theory

By fixing a volume form ¢ = ¢(s)dx; A dxz A dx3 the space TS is
endowed with a pairing n:
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Saito theory

By fixing a volume form ¢ = ¢(s)dx; A dxz A dx3 the space TS is
endowed with a pairing n:

9 0 O 5e
Os; Os;
n <., ) = res [aw S éW] , W= W(x,s).
Js;’ 0s; B B
A volume form (, s.t. n is flat is called primitive form (M. Saito
and K.Saito).
Denote

Mw ¢ := (S, 0,n) the data above with a primitive form (.
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Saito theory

By fixing a volume form ¢ = ¢(s)dx; A dxz A dx3 the space TS is
endowed with a pairing n:

9 0 Do D
Si S;
n <., ) = res [aw S éW] , W= W(x,s).
Js;’ 0s; B B
A volume form (, s.t. n is flat is called primitive form (M. Saito
and K.Saito).
Denote

Mw ¢ := (S, 0,n) the data above with a primitive form (.

Mirror Theorem[Satake-Takahashi, Milanov-Ruan-Shen]:

There is a choice of a primitive form ¢ = (*°, such that My, ¢ is
isomorphic to Mx of the respective elliptic orbifold.
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Gromov-Witten theory revisited

Proposition[Satake-Takahashi,B.]

For every elliptic orbifold X there is a homogeneous polynomial
Px(Zl, ey Zky tl, ce t“), s.t.

f(f( = Px(z1,...,zi, t%, ..., t") lze=2.(q)s 9 = exp(t"),

for the certain Zx € Q[[q]], being Fourier expansions of the certain
(quasi)modular forms.
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g = 0 Gromov-Witten potential of P44

bty | B Gt Gt
4 "8 4 "8 4

XOO o ZOO

+ 5 (t3t3 + tate) + % (tot3 + tat3) + ttsts

1
Fép“*“’z = 2t1 to + t1 <

tg5 1 2 1 1 , 1 ,  tg
m PR JR— JR— —_—
- <128 t s 585 + 32t8t3 togp el gty g

16 16 32

t
1 (B3tatsts + tatstrts) + =

1 1 1 1
bt + —tstta + ——tstit; + 16t2t4t5t7)

X
(tatstets + totstrtg) + . ..

_l’_

where
x> =9

(), ¥ = 92(q°)?, 2™ = ¥a(a*)?,
(4Ex(q™) — 2E2(¢®) + Ex(q*)) , q = exp(to).
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Proposition
WDVV equation for fg“""z is equivalent to the following system

gtx(t) = x(t) (2y()* = x(t)* + w(t)) ,

Eft)/(t) = y(t) (2x(t)* = y(£)* + w(1)) ,
aatW(t) = w(t)® — x(t)".

for which (x>, y>°, z% w) is a solution.
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Global mirror symmetry

Fix some W defining isolated singularity.

Asid 7FJRW theory GW theory
-side:
Frobenius manifold Frobenius manifold
0 0
B-side: ¢ ¢

Frobenius manifold of W, (
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Global mirror symmetry

Fix some W defining isolated singularity.

Asid 7FJRW theory GW theory
-side:
Frobenius manifold Frobenius manifold
0 0
B-side: ¢ ¢

Frobenius manifold of W, (

Mirror symmetry = classification of all Frobenius manifold
structures My ¢ up to isomorphism.
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SL(2, C)-action on Frobenius manifold potentials

Let F = F(t1,...,t,) be a Frobenius manifold potential and
-1
t2t f X
F = %4-5 Znijt;vfj—l—H(tz,---atu)
ij=2

for some H = H(t,...,t,).
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SL(2, C)-action on Frobenius manifold potentials

Let F = F(t1,...,t,) be a Frobenius manifold potential and
-1
t2t f X
F = %4-5 Znijt;vfj—l—H(tz,---atu)
ij=2

for some H = H(ty,...,t,). Then for any A € SL(2,C)

2
- -1
FA t12tM+t1 sz - +C<Z7,j:2nijtitj>
=T, Ty nijtit]
2 255 8(ct, + d)
t t— t,+ b
+ (ct, + d)*H . 7‘9#"‘ a=(? b
Ctﬂ+d Ctu+d Ctu"‘d c d

is a Frobenius manifold potential too (cf. Dubrovin, Geometry of
2D topological field theories, Appendix B).
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Acting on Frobenius manifold potential of P44

For the certain polynomial Pp,,, € Q[x,y,z,w, t1,...,t] we had:
Pyap
Fo" " = Prygs = (to).y=yoo (t9). 2=2% (t0) w=wo> (1) -

Proposition
For any A € SL(2,C) we have

P,
(FO 474’2) = ’D[P4,4,2 |x:XA(tg),y:yA(tg),z:zA(tg),W:WA(tg) :
WA 1 0 atg + d A 1 = atg +d ’
Ct8+d Ctg+d Ct8+d Cthrd
ZA — 1 ZOO atg + d ,
ctg+d cty+ d

A 1 o atg +d c
w = — X
(Ctg+d)2 cty+d cty+d
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g = 0 GW potential of P44

P4 42 1 2 toty t% tst7 tg tg
Fot*"? =t +ty [ —4+ 24+ 2L 04 8
0 219+1 4 +8+ 2 +8+4
+ 5 (B8 + 8t6) + = (tot3 + t385) + ~~tatsts
wof 13 1 0o, 1 5,5 1 2, 1 ), te
- S S+ 5 + bty + syt + —
v (128+6463+3283+32243+32573+128
tg 1 2.2 1 2.2 1 2 1 2,2 1 2,2 1 2
By S 282 1 1282 L ot t? 4+ — 22+ — 22 + —totyt,
T3y T eglaf T g f2ta T gy talals T ol oo lsty ol
+ittt2+itt2t +itttt
16578 32567 162457
XOOOO o0 5,00
T (tstatsts + totetrts) + (tatstets + tatstrtg) + ...
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SL(2,C)—-acted g = 0 GW potential of P44,

A 1 tota  t2  tsty  t2 t2
) =g (e G G )

xA 2 2 )/A 2 2 4
+§(t3t2+t5t6)+?(t5t2+t3t5)+7t2t5tg

A 13 1,0, 1,5 1 » 1 2, to
— B4 22 4 282+ totat? + ——tytrts + 2

W(128+6463+3283+32243+32573+128

tg 1 0, 1,5 1 2, 1L oo 1 5, 1 2

8 S22 4 282 4 bttt 1212+ —t2t2 + — tbotst,
Ty T a2t T gata T gphelals T o B+ oty + e talaly
+1ttt2—|—1tt2t+1tttt

16578 32567 162457

XAZA AZA
+ (t3tatsts + totetrts) + (tatstetg + totatrtg) + ...

16
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Primitive form change, simple—elliptic singularities

Alowo) .— | #7TC0 1m(70) for some 79 € H,wg € C*
4rrwolm(7o) o

Proposition[B.—Takahashi.
The action of A(7%0) above, combined with rescaling, is
equivalent to the primitive form change.

For two primitive forms (7 and (>, 79, wp s.t.

)_A(To,wo) _

Fla() = (Fre (t).

where t = t(t) is the rescaling of the variables.
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Orbit and special points

Assume

Al(m0,w0)
(T0,w0) .__ Py 4.2
]:E7 =5 .

Mirror symmetry for a fixed E; = classify .7-";::707“0) for all possible
7
70 and wo.
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Orbit and special points

Assume

Al(m0,w0)
(T0,w0) .__ Py 4.2
]:E7 =5 .

Mirror symmetry for a fixed E; = classify féT°7w°) for all possible
7
70 and wo.
Theorem(B.-Priddis)
Take 71 := v/—1 and wy := V27 /([ (2)). Then ]-"l(;’wl) coincides
7

with the genus zero potential of FJRW theory of E7 with maximal
symmetry group up to a linear change of the variables.
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.F[(_EFM)(E) = %5121 t33 + t11 (%22 + to1toz + ti3tz1 + tio E32>
B2 ) - (2 )
+ faby G * 3?732 + 3303E§3:L440)
+ Bl <; + 3??2 + 3303%1440) T
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— - 1., . . [t I S -
fé;ﬁ,m)(t) - 515121 t33 + t11 (;2 + to1tp3 + t13t31 + t12 t‘-32>
o (B3 B3\ g (B3 D3
t12t13< g8 ' 61a40) 2B\ g T Gr440
1 33 3
fi3f
Ths 21( 3072 ' 330301440

1 £
2.7 ce
+ fats < 3072 330301440 ) ©
Conjecture(B.)
There is non—trivial Ag € SL(2,Z), s.t

]_-(E:hwl) _ (‘thwl)) Ao

7

This is the only pair (71,w1) among all (79, wp), s.t. such an
element A exists and ]:I(_;Tl’wl) € Q[[t].
7
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