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Kak 3auHTepecoBaTb CTy4eHTOB
GupaumnoHanbHOW reomMmeTpuei, NCNoNbL3ys
NPOCTYIO Teoputo Yucen?



Kybunyeckue @opmbl

NPERUCINOBUE
I

Jlio6oii MaTeMaTHK, HepaBHOAYIIHbIi K TEOPHH uHces,
HCMHITan Ha ceGe ouapoBaHHe TeopeMbi Pepma o cymme
JBYX HaTypajbHbIX KBajpaToB. [ICHXOJIOr IOHrOBCKOH MIKO-
Abl Haules GHl, BEPOATHO, YTO TaKve NAHO(AHTOBH 3afaun
B BhICHIe} CTeNeHH apXHTHIHYHBL

3ambicen NpeAsiaraeMofl KHMIH 'BOSHHK M3 MOMBITKH
pa3o6paThCs, YTO NMPOHCXONUT C CyMMaMH TPeX PalMOHA/b-
HBIX Ky6oB. Manumine roBOpHTh, 4TO pe3yJbTaT Aajdek OT
NpoCTOTH!, (yHAAMEHTAaNbHOCTH M 3aBepUIEHHOCTH KJacCH-
4ecKHX 06pasioB. ABrop 0606man 3ajayy BCEMH CNOCO-
6aMH, KOTOpHe TIPHXONM/IM €My Ha yM, U NPHMEHAJ Bce
TeXHHYECKHe CPelCTBa, KaKHe TO/AbKO ymesa. [Tonyuusumeecs
B HTOre HarpoOMOX/ieHHe HeacCOUMaTHBHBIX 3aKOHOB KOM:
TMO3HLHH, MOHOHAAJbHBIX 6 H H KOr #

g {2
Tajlya COCTaBH/IO 3Ty KHHXKY.

II

3ajaua 0 cyMMax Tpex KyGOB HMeeT MOYTEHHYIO HCTO-
puio. BoT ocHOBHOl pe3y;nbTaT, OCTaBJEHHBIN K/aCCHKaMH
(cm. Tukcow [1]).

Teopema. JlioGoe payuorarbroe 4UCAO ABAAETCA
cymmoll Tpex Ky608 PAYUOHALLHBIX HuCer.

IMepBoe nokasateabctBo (Paiau, 1825; Puy-
MoHz, 1930):
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FOpwii ViBaHoBuy MaHuH




The Ladies’ Diary, 1825
Teopema (C. Paiinn)

Every rational number is a sum of three cubes of rational numbers.
JokazaTenbcTeO.

Let g be a rational number. Let

1 512¢" — 16009 + 108440¢° — 173691q — 729
- 36 128¢3 — 41692 + 8082q — 243 ’

5 q(64g> — 1648q — 7263)

© 128q3 — 416492 + 8082q — 243’
_ 1512¢* — 1600¢° — 159764¢° + 246213q — 729
36 128q3 — 41692 + 8082q — 243

3ametum, uto 128¢3 — 41642 + 8082q — 243 # 0. Mouemy?
Using Maple, one can check that

P+ 4+ =q



[MucbaropoBbl Tpoiiku

Mpumep (Mudparop)
Let m, n, k be any integers. Then

(k(m2 — n2)>2 + (2kmn>2 = (k(m2 + n2)>2.

This gives all integral solutions to

» Let C be a circle in R? given by x% + y? = 1.
» All points in C \ (1,0) with rational coordinates are given by

2 -1 2t
t2+17t24+1

for some t € Q.



Pa LUVMOHANIbHAA NapaMeTpun3auna KOHUK

TOYKA C PAUMOHAJIbHBIMU
KOOPOAMHATAMMU

OKPYHOCTb E> <: MUGATOPOBA TPOMKA

TOYKA UMEIOLLIAA
PALIMOHAJIBHBIE
KOOPIUHATbI

: NPAMAA COAEPHKALLAA ABE PALUMOHAbHbBIE TOHA



HepaunoHanbHble Kybnkn
Let C be the curve in C? that is given by

3y =1.

Then C does not have rational parametrization.
YnpaxHeHune

Let x(t), y(t), z(t) be coprime polynomials in C[t]| such that

X(t) + y3(t) = 2°(t).

Then x(t), y(t), z(t) are constant.

Cneacteue
Let x(t) and y(t) be rational functions in C(t) such that

3(t) + y3(t) = 1.

Then x(t) and y(t) are constant.



PauuoHanbHble Kybukn

Let C be the curve in C? that is given by

y2+xy2—y3—x3—x2:0.

Then C has rational parametrization.
Let L be the line y = tx. Then LN C is given by

y2—|—xy2—y3—x3—x2:0,
y = tx.

Solving this system, we find the point

| t(t? —1)
B3—t24+17t3-t241)"

When t runs through C, we obtain all points in C \ (0,0).




PaunoHanbHasi napaMeTpusauns HOLaNbHOW KyOuKy

y A




Crepeorpaduyeckasi npoekuus
Let S, be the sphere in C3 that is given by

X4y’ +22=1

Then S, has rational parametrization:

1—u?— 2 2u 2v
1+ w2+ v 1+ u2+v2 1+ w2+ v2 )

When (v, u) runs through C2, we obtain almost all points in S,.




Pa LUVMOHAJIbHAA NapaMETpU3aumnsa Keagpuk

Let S; be the quadric surface in IP’% that is given by

X2+y2+z2:t2.

Then S, has rational parametrization:

[W2—u2—V222UWZ2VWZW2+U2—|-V2

When [v : u: w] runs through P2 without w = 0, we obtain

S\ (Ll U L2>,

where
» [{isthelinew=u+iv=0;

> [isthelinew=u—iv=0.



PaLl,MOHaﬂbele N YHUpaUnOHaNlbHbIE MHOFOO6pa3I/|F|
Let X be an irreducible variety of dimension n.
Bonpoc
Y7o Takoe paymoHansHas napameTpusauus MHoroobpasus X7

» A dominant rational map Pg. --» X.
» A birational map IP% - X.

Onpegenexne

» X is rational <= 3 birational map P¢ --» X.

» X is unirational <= 3 dominant rational map P¢ --» X.

[Mpumep

Let S, be an irreducible quadric surface in P3..
Then S, is rational.

[Mpumep

Let C be an irreducible cubic curve in P2.
Then C is rational <= C is singular.



PaunoHanbHOCTL Kybnyeckux noBepxHOCTEN

Teopema

Let S3 be a smooth cubic surface in ]P’%. Then S3 is rational.

JokazaTenbcTeO.
Let L1 and L, be two lines in S3 such that

LiNL, =@.
Then L1 x Ly is rational, since
Ly = L, = PL.

Define a map ¢: L1 x Ly --» S3 as follows:
> Let (P, Q) be a general point in L1 x Lp.
> Let £ be the line in P that contains P and Q.
> Let ¢((P, Q)) be the third point in £N S5.

Then ¢: L1 x Ly --» S3 is a birational map.
This shows that S3 is rational.



27 NpsAMbIX Ha KyDWYeCKon NOBepXHOCTY




PaumoHanbHoCTb noBepxHocTU X5 + y3 + z + 23 =0
Let S3 be the surface in C3 given by x3 +y3 +z+ 23 =0.
> Let Ly be thelinex+y=2z=0.
> Let Ly be the line wx+y =z —i =0, where w = —1+£‘/§.
Let P =(a,—a,0) € L1 and Q = (b, —wb, i) € L.
Let ¢ be the line in C3 that contains P and Q. Then £ is given by

(a +A(b—a), —a+ Aa—wb), )\i),

where A € C. Then £ N S3 consists of the points P, @ and

(6w + 3)a’b? + 2ia — ib
(3w —3)a?b+ (Bw + 6)ab? + i’
(3w — 3)ab? + iwb — 2ia
(3w —3)a’b+ (3w + 6)ab?® + i’
i(3w—3)a’b+1
(Bw —3)a?b+ (Bw +6)ab> +i |’




PauvoHanbHOCTb noBepxHocTn X° + y3 + t2z 4+ 22 =0

Let S3 be the surface in IP’% given by x3 +y3 +t?z 4+ 23 = 0.
There is a birational map P2 --» S3 that maps [a: b : c] to

(6w + 3)b?c + 2iac® — ia’b : (3w — 3)b*c + iwa’b — 2iac? :

- i(3w — 3)bc + a*c : (3w — 3)bc? + (3w + 6)ab® + ia’c|.

This map is undefined in the points
(6w + 3)b*c + 2iac® — ia’b = 0,
(3w — 3)b%c + iwa®b — 2iac* = 0,
i(3w — 3)bc? 4 a%c = 0,
(3w — 3)bc? + (3w + 6)ab? + ia*c = 0.
This system of equations gives us are exactly 6 points in ]P%.

» The inverse map S3 --» P2 is well defined.
> It contracts 6 lines in S3 to the points above.



Pa3p,yTV|e TOYKWN Ha NJAOCKOCTHU

et T S e
e e s S
R e e e s S




VHUpPaUnoHanbHOCTb KyOUYECKIX NMOBEPXHOCTENR
Let S5 be a smooth cubic surface in }P’% that is defined over Q.

Teopema (Betxamuno Cerpe)
The surface S3 is unirational over Q <= S3 has a rational point.
Suppose that S3 contains a rational point P.

» Let I be the plane in IP’% that is tangent to Sz in P.

» Put C = S53NT1. Then C is a singular cubic curve.

» Then C is defined over Q, since P is defined over Q.

» Suppose that C is irreducible. Then C is rational over Q.

» This gives us a infinitely many rational points in Ss.

» Pick one of them @ # P and repeat the construction.

» This gives singular cubic curve Z C S3 defined over Q.

Now we can construct a dominant rational map
CxZ--+53

as in the proof of rationality of smooth cubic surfaces.



Bernxxamuro Cerpe




Teopema Paiinu |
Let S3 be the surface in P given by

B3+ gt =0,

where g is a non-zero rational number.

Then S5 is unirational over Q by Segre's Theorem.

Let us show this. To do this, replace S3 by its part z # 0.
Thus, we may assume that S3 is given by

Bryit1-gt*=0.
Let ¢ be the line given by
(— 1+2)\,)\,0>,

where A € Q. Then /N S3 =(—1,0,0) over Q.
Over Q(v/—2) the intersection £ N S3 contains two more points:

(112\/—2 24+ /-2 o)
3 3 )




Teopema Paiinu |l

142=2 = _ 24+v/=2
3 Y=

Let X = x — y — , t=t. Then Sz is given by

7 4 /2 4 ~
(-3+3v 2+ (5+3v-2)7+
+(1+2V-2)% + 2+ V=-2)y? +y* + 53— qt* = 0.
Let I be the tangent plane to S3 at P. Then [T is given by

T 4yD
= —X.
YT a2 42

Thus, the intersection 1N S3 is given by
(- 10v=2-31)% + (36 - 18V=2)%* + 8qE° 0.
Intersecting this curve with the line t = Ax in I1, we get the point

2 - 18y/—2 36\ — 18y/—2 —27\/—2 — 54
31— 8gA3 + 10y/—2 31 — 8gA3 + 10v/—2" 31 — 8qA3 + 10/—2 |




Teopema Paiinu Il
We see that the surface S3 contain the point

2-18y/—2 36\ — 18/—2 —27\/—2 —54
31 — 8gA3 +10v/—2 31 — 8gA\3 4+ 10y/—2" 31 — 8g\3 + 10y/—2
. . o 1+2F 242 2 _
in coordinates X = x — Y=y - t=t

Rewriting this point in coordlnated X, y and t, we obtain the point

( C2y/=2+1 8gA\}+20y/~2-19

3 31 — 8gA3 + 102’
2/ —2+4 —4g)\3+5y/-2—
3 31 —8gA\3 + 102’

A(36 — 18y/=2)
31 — 8gA3 + 10y/—2

contained in S3 for every \ € C.
» Main trick: let | A\ = a4+ bv/ —2| (Weil restriction).




Teopema Paiinu IV
Recall that S is the surface in Q® given by x® + y® +1 = gt*. Let
L l@v=2+ 1)(—16+/—2b%q — 48ab’*q + 24\/—2a°bq + 8a>q + 20,/—2 — 19)
1= 3

3 —16+4/—2b3q — 48ab?q + 24+/—2a%bq + 8a3q — 10,/—2 — 31 ’
_ 2(V=2+2)(—8vV—2b’q — 24ab’q + 12y/=2a°bq + 4a>q — 5\/=2 + 25)
T 3T 16y /—2b3q — 48ab2q + 24/ —22°bq + 8a3q — 10/—2 — 31

_ 18(a + bv/—2)(v/—2—2)

—16y/—2b3q — 48ab?q + 24+/—2a2bq + 8a%q — 10/—2 — 31°
Then (x1, y1, t1) € Sz for every rational a and b.
The complex conjugate point (X1, ¥4, t1) also lies in S3. Let

t1

oL (—2v/=2 4+ 1)(16+/—2b>q — 48ab’q — 24/—2a°bq + 8a°q — 20/—2 — 19)
73 161/—2b%q — 48ab2q — 24+/—2a2bq + 8a3q + 10y/—2 — 31 ’
_ 2(=V=2+2)(8v/—2b’q — 24ab’q — 12y/=2a°bq + 4a*q + 5\/=2 + 25)
273 167/ —2b3q — 48ab2q — 24+/—222bq + 8a3q + 10v/—2 — 31 ’

. 18(a — by/—2)(vV—2 — 2)
7 16y/—2b3q — 48ab?q — 24y/—22%bq + 82%q + 10r/—2 — 31"
Then (x2, y2, t2) = (X1,¥;, t1) is contained in Ss.




Teopema Paiinun V

Let L be the line that contains (x, y1, t1) and (x2, y2, tp). Then L is defined over Q.

9 % 9—3) where

The intersection L N S3 consists of (x1, y1, t1), (x2, y2, t2) and ( < =

0, = —512a"2¢* + 614421062 " + 307202°b" ¢* + 819202%6°%¢* + 122880a* b8 q* + 98304221 0g" +
+32768b'2¢" — 16002° > + 1920a°bg® + 102402° 63> + 384002°b* 4> + 15360a*b° g% + 1024002° K0 4> +
+76800ab%q> — 102406°¢° + 1084402° g% + 30048a° bq? — 317760a* b2 g% — 760192a° b g% + 119280042 b g%+

+ 120192ab° g% — 4960006° > — 173691a>q + 633582a°bg — 729324ab°q + 2862006°q — 729.

0, = 23042°q> + 345602°bq” + 1843202°b°¢> — 552062° b* q® + 276480a" b°¢° —
—147456a2°60¢° — 110592ab%¢° — 18432067 > — 593282°¢° — 146880a° bq? + 1002242 b2 2 +419328a° b3 ¢ —

— 20044822 b*¢° — 587520ab°q° + 474624b° g% — 261468a°q + 801900a°bg — 793152ab%q + 252720b°q.

03 = —46082'0¢> — 46082°bg° — 276482°b% > — 36864a" b> > — 368642°b% ¢ —
— 110592a°b°q° + 737282 b% % — 1474562°b" ¢ + 2211842268 ¢° — 73728ab°¢> + 147456b'0¢% +
+14976a" g% — 195842°% bq? + 165888a° b2 g% — 1059842 b ¢ + 2810882°b* g7 — 207360a%b°¢° + 18432ab% ¢ —
— 147456b7 g — 290952a* q + 255060a° bq + 820368a2b>q — 1402272ab° q + 616896b" q + 87482 — 8748b.

e = 512a"2¢" + 6144267 ¢* + 30720a°b% ¢* + 819202°6%* + 122880a% b4 +
+98304a°b' 0" + 32768b%2¢" — 160027 ¢° + 19202°bg® + 102402°6°¢° + 384002°b* ¢ + 15360a% 6% ¢+
4+ 102400a°6°%¢° + 76800ab% > — 102406% > — 159762°q> — 3432002° bg® + 55488a* b2 ¢ + 6083842 b% g%+
+446304a%b* g% — 1372800ab° ¢° +499328b° ¢° 4 2462132° g — 62613022 bq+ 530388ab> g — 133704b° g — 729.



Teopema Paiinu VI
For every rational a and b such that € £ 0, we have

ANTAY 65\
€ € €
Thus, for every rational a and b such that 03 # 0, we have
0 3 0 3 3
_ | 72 £

For example, let a=1 and b=10. Then
61 15129 —1600q° 4 108440¢> — 173691q — 729

65 36 128¢3 — 41642 + 8082q — 243 ’
6> q(649° —1648q — 7263)
63  128g3 — 41692 + 8082q — 243’

€ 1 512¢* — 1600¢> — 159764° + 246213q — 729

0; 36 128¢3 — 41642 + 8082q — 243




[Mpobnema JliopoTa
Bonpoc
Are there unirational varieties of dimension n that are not rational?

Teopema (Liiroth, 1876)

Every one-dimensional unirational variety is rational.

Teopema (Castelnuovo)

Every two-dimensional unirational variety is rational.
[Mpumep
Let S3 be a smooth cubic surface in P}, defined by

t(x*> 4+ y?) = (z — a1t)(z — aat)(z — ast),

where a1, ap and a3 are distinct real numbers.
Then S3(R) is not connected, so that S3 is not rational over R.
But S3 is unirational over R by the proof of Segre’s theorem.



arXiv, Friday 2nd August 2019

& 9 G Inbox- Outlook 1 (1908.00406) Cycle clas: X | + Vv T
¥

& S50 @ |a — K * L e -

We gratetuly acknowledge support
@ Cornell University the Simons Foundation and member institut

arXiv.org > math > arXiv:1908.00406 Search

Help | Advanced Search

Mathematics > Algebraic Geometry

Download
Cycle class maps and birational invariants « PDF

« PostScript
Brendan Hassett, Yuri Tschinkel + Other formats

(Submitted on 1 Aug 2019)
Current browse context
We introduce new obstructions to rationality for geomelrically rational threefolds arising from the geometry of curves and their cycle maps.

math.AG
<prev | next>
Comments: 25 pages ow | recent | 1908
Subjecis:  Algebraic Geometry (math.AG) Chainge to browss by:
MSCclasses: 14£08, 14625, 14K1S :
Cite as: arXiv:1908.00406 [math.AG] dhoss
(or arXiv:1908.00406v1 [math.AG] fo this version) References & Citations

« NASA ADS

Submission history
From: Brondan Hassatt [view omai]
[V1] Thu, 1 Aug 2019 14:00:24 UTC (19 K8) Bookmark

Google Scholar

Which authors of this paper are endorsers? | Disable MathJax (What is MathJax?)

B 42019.04-18 | Feedback?




HepauunoHanbHble Kybnyeckmne noBepxHOCTY

Let S3 be a smooth cubic surface in IP’% that is defined over QQ.

Teopema (Bexxamuno Cerpe, FOpnii Visavosuy Manuh)
Suppose that for every curve C C Sz defined over Q one has

C=5nNF
for some surface F in IP’%. Then Ss is not rational over Q.

» This theorem holds for del Pezzo surfaces of degree < 3.

MNpumep
Let S3 be the surface in P2, that is given by

23 43y 452+ 72 =0.

Then S3 is non-rational over Q by Segre-Manin theorem.
But S3 is unirational, since [L:1: —1:0] € Ss.



[NoeepxHocTu genb leuuo ctenenn 1 un 2
Let F be an arbitrary field.
Teopema (Manin)
Let Sy be a smooth quartic surface in P(1,1,1,2) defined over F.
Suppose that S, contains F-rational point in general position.
Then S4 is unirational over IF.
Teopema (Salgado, Testa, Varilly-Alvarado, Festi, van Luijk)
Let Sy be a smooth quartic surface in P(1,1,1,2) defined over F.
Suppose that F is a finite field. Then Sy is unirational over IF.
Bonpoc
Let Sg be a smooth sextic surface in P(1,1,2,3) defined over .
Is S unirational over F?

> Let IF be the algebraic closure of the field F.

Bonpoc

Let S be a surface defined over F that is rational over F.
Suppose that S contains F-rational point. Is S unirational over F?



[Mpobnema JliopoTa B paamepHocTu Tpu Hag C

Teopema (Wckosckux & Manun, 1971)
Every smooth quartic hypersurface in P{. is not rational.

Teopema (Clemens & Griffiths, 1972)

Every smooth cubic hypersurface in IP’% is not rational.

» Some smooth quartic hypersurface in Pé are unirational.
» All smooth cubic hypersurface in P{. are unirational.

Mpumep (Artin & Mumford, 1972)
Let F=x>+y?2+ 22+ t2+ (x+y+z+1t)? and

Fo=x*+y*+ 24 +t* + (X+y+z—|—t)4.
Let X be the hypersurface in P(1,1,1,1,2) that is given by
2 1,
w® = Fa(x,y,z,t) — §F2 (x,y,z,t).

Then X is unirational. But X is not rational.



VHUpPaUroHanbHOCTb TpexMepHbix MHoroobpasus ®axo
Most of smooth Fano threefolds are known to be unirational over C.

Bonpoc

Let Vi be a smooth hypersurface in P(1,1,1,2,3) of degree 6.
Is Vg unirational?

Bonpoc

Let Xe be a smooth hypersurface in P(1,1,1,1,3) of degree 6.
Is Xg unirational?

Bonpoc

Let X4 be a smooth hypersurface in P* of degree 4.
Is X4 unirational?

» A variety X is said to be rationally connected if every two
general points in X can be joined by a rational curve.

Bonpoc
Let X be a rationally connected variety. Is X unirational?



