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Weyl invariant Eg Jacobi forms

Weyl invariant Eg Jacobi forms

Let o : H x (Eg ® C) — C be a holomorphic function and k € Z, t € N. If
 satisfies the following properties

(1) o(r,00)) =¢(r3), o€ W(Es)
(2)  (r5+x7+y) = e MO (7 5) x,y € B

B) o <ar b3 > = (c7 +d) exp <t7ri;§3—le> ©o(7,3);

ctr+d cr+d

@) @(r3)=>_ > f(n0)emitrmHts)

n=0 ¢€Eg

then ¢ is called a W/(Eg)-invariant weak Jacobi form of weight k and
index t.
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Weyl invariant Eg Jacobi forms

Weyl invariant Eg Jacobi forms

o If o further satisfies the condition
f(nt)#0=2nt— (¢,£) >0

then ¢ is called a W/(Eg)-invariant holomorphic Jacobi form.

o If ¢ further satisfies the stronger condition
f(nt)#0=2nt— (¢,£) >0

then ¢ is called a W/(Esg)-invariant Jacobi cusp form.
@ Denote by
w, W (Es) W(Es) cusp,W (Es)
Jk,Eg,t 2 Jk,Eg,t 2 Jk,Es,t

the vector space of W/(Eg)-invariant weak Jacobi forms, holomorphic
Jacobi forms and Jacobi cusp forms of weight k and index t.
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The whole structure of W/(Eg)-invariant Jacobi forms

The structure of W(Eg)-invariant Jacobi forms

Theorem (H.Wang, 2018)
The space J:V}:-ZVt(EB) is a free module of rank r(t) over the ring M, of
SL(2,Z) modular forms, where r(t) is given by

L = r(t)x*
(1)1 =PI =PI — X1 — )1 — ) |

t>0

Equivalently, we have

S C € (Ey, Bs) [Ar, Az, As, As, As, Ba, B3, Ba, Bs) |

and A1, Az, Az, A4, As, By, Bs, By, Bs are algebraically independent over
M,. Here C (Ea, Eg) is the fractional field of C[Es, Eg].

v
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The whole structure of W/(Eg)-invariant Jacobi forms

Crucial facts in the proof
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e For any m € Eg, we define the Weyl orbit of m as

>

O’GW(EB)/W(Eg)m

orb(m) :

e27ri(cr(m),3) )

Let w; be the fundamental weights of Eg. The eight fundamental
weyl orbits orb(w;) are algebraically independent over C.
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The whole structure of W/(Eg)-invariant Jacobi forms

Crucial facts in the proof

o Every W(Eg)-orbit in Eg meets the set A4 in exactly one point

8
/\+:{m€Eg:(a;,m)20,1§i§8}:@Nw,-.
i=1

o Let ¢ be a W(Eg)-invariant weak Jacobi form of index t. Then

> F(0,0e2m ) = N c(m) orb(m),

leEs meny
T(m)<t

where m = 3% . x;w;, c¢(m) are constants and

T(m) :=2x1 + 3x2 + 4x3 + 6x4 + 5x5 + 4% + 3x7 + 2xs.
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The space of W/(Eg)-invariant Jacobi forms of small index [MVEILNEIIS

the structure of weak Jacobi forms

o It is well known that J:VEWI(EE’) is generated by

Vg, (T,3) Z exp (mi(¢,0)T + 2mi(¢,3))
lEEg

the theta function of the root lattice Eg over M.

Theorem (H.Wang, 2018)

w, W (E
J*,75872( 8) _ I\/I*<90_4,2, (p_2’2,900’2>’
, W (E
J:Es,gs ) — M*<<10*8,3a ¥—-6,3,$—4,3,¥P-23, @0’3>,
W (E;
J:ng,Ll(, 8) = M*<8072k’4, 0 S k S 8, w—874>7

where @y + is a W(Eg)-invariant weak Jacobi form of weight k and index t.

V.
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The space of W/(Eg)-invariant Jacobi forms of small index [MVEILNEIIS

the structure of holomorphic Jacobi forms

Theorem (H.Wang, 2018)

W (E
J*,E(s,g) = M*<A2? B27A%>7

Jﬁfg) = M*<A3a B37A1A27AIB2,A:1)’>,

and J ):/VE(SEZ) is generated by two Jacobi forms of weight 4, two Jacobi forms
of weight 6, three Jacobi forms of weight 8, two Jacobi forms of weight 10

and one Jacobi form of weight 12 over M.

v
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The space of W/(Eg)-invariant Jacobi forms of small index [MVEILNEIIS

the structure of Jacobi cusp forms

Theorem (H.Wang, 2018)
Let t =2, 3 or 4. The numbers of generators of indicated weght of

:f',:f: ’tW(ES) are shown in the following table.
weight | 8| 10| 12 | 14 | 16
t=2|0/0 1|11
t=3 0] 12|11
t=4|1]2 3|22
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The space of W/(Eg)-invariant Jacobi forms of small index [EEEERCII RN BT R ICI

Representative system of Fourier coefficients

Lemma

Let p € J;‘:E‘;‘TEEB). Then the coefficients f(n, {) depend only on the class

of £ in Eg/tEg and on the value of 2nt — (¢, (). Besides,

f(n,£) # 0= 2nt — (¢,£) > —min{(v,v) : v € { + tEg}.
max {min{(v,v):v el +2Eg}: ] € Eg} =4,
max {min{(v,v):vel+3E}:/ € E} =38,
max {min{(v,v):v e l+4Es}: | € Eg} = 16,
max {min{(v,v):v e l+5E}: € Eg} =22,
(v,v):

max {min{(v,v):v e l+6Es}: /€ E} = 36.
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S G
Orbits of vectors under Weyl group

Lemma

Let Ry, denote the set of all vectors ¢ € Eg with (¢,¢) = 2n. The orbits of
Ron under the action of W(Eg) are given by

Es)\R> = {ws}

Es)\Re = {wr}

N\Rio = {w1 + wsg}
N\Ria = {ws, wr + wg}
)\Rig = {w1 + wr,3wg}
)

(
(
(
(
(
(

Eg)\Ry = {we + wg, w1 +wa} W(Eg)\Roa = {2wy, w3 + wg}.

W(Es)\Ras = {w1}

W(Eg)\Rs = {2wsg, w2}

W(Es)\Ri2 = {we}

W(Eg)\Ris = {2w1, wa + wg}

W(Eg)\Rao = {ws, wy + 2wz}
(Es)
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The space of W/(Eg)-invariant Jacobi forms of small index [EEEERCII RN BT R ICI

Z = orb(wg) Z = s orb(wy) Z = xorb(wy)

2 4 6
Z = xorb(ws) Z = xorb(2ws) Z = xorb(wy + wg)
8’ 8" 10
Z = xorb(we) Z = xorb(ws3) Z = xorb(wy + wg)
12 14/ 147
Z = xorb(2wy) Z = s orb(wz + wg) Z = xorb(wy + wy)
16/ 16// 18/
Z = xorb(3ws) Z = s orb(ws) Z = xorb(wy + 2wg)
18// 20/ 20//
Z = xorb(wy + w») Z = xorb(ws + wg) Z = xorb(2wy)
22/ 22" 24/

The normalizations of these Weyl orbits are choosen so that they reduce
to 240 if one takes 3 = 0.
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The space of W/(Eg)-invariant Jacobi forms of small index [EEEERCII RN BT R ICI

Let ¢ be a W(Eg)-invariant weak Jacobi form of index t. Then its
q%-term can be written as

[e2]go =240+ a1 Y+ Y,

[p3]q0 =240c0 + 1 22: +e 24: +c3 Z +aa Z,

[pa] o =240c0 + c1 Z +0 Z +c3 Z +ch Z +c Z +cs5 Z +¢6 Z
tor Y ey, 8

14/ 16’

[(p5]qo =240y + 1 Z +o Z +c3 Z +C4 Z +C4 Z +c5 Z +Ce Z

8//

+ ¢z Z +C7" Z +cg Z +C8" Z +Co Z +c10 Z +cu Z

14/ 14" 16’ 16" 18’ 20’ 22!

Weyl invariant Eg Jacobi forms HSE, Moscow 14 / 31



The space of W(Eg)-invariant Jacobi forms of small index The proof of main theorems

Let ¢ € J;V,;’g(fg).

©Q Let t =2. Then ¢ is a holomorphic Jacobi form if and only if its
q%-term is a constant. Moreover, ¢ is a Jacobi cusp form if and only
if its g%-term is 0 and its g'-term is of the form ¢y + ¢; > o

@ Let t =3. Then ¢ is a holomorphic Jacobi form if and only if its
q%-term is a constant and its g!-term is of the form

240co + 1 Z +C Z +c3 Z .
2 4 6

Moreover, a holomorphic Jacobi form ¢ is a Jacobi cusp form if and
only if c3 = 0 and its q%-term is 0.

© Let t =4. Then ¢ is a holomorphic Jacobi form if and only if its
q%-term is a constant and its g!-term is of the form

240cg + 1 Z +o Z +c3 Z +c; Z +c” Z )
2 4 6 8 8"
Moreover, a holomorphic Jacobi form ¢ is a Jacobi cusp form if and

only if ¢; = c4” = 0 and its q°-term is 0 and its g>-term does not
contain the term ) /.
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The space of W(Eg)-invariant Jacobi forms of small index The proof of main theorems

W(Es)

Let o; € J4 Eot - In view of the singular weight, we can write

¢e(7,3) =q" Z f(n, 0)e>™(t3) + O(g"t?) e Jj E(;B)'
leEg
(¢,6)=2nt

Since ¢+(7,0) = 0, if there exists £ € Eg such that f(n,¢) # 0, then there
exist {1,y € Eg satisfying (¢1,¢1) = ({2,¢2) = 2nt, orb({1) # orb(¢2) and
(4i,€;) = min{(v,v) : v € {; + tEg}, for i = 1,2. From this, we deduce

dimJ)A® =1,t=1,2,35 dimJ/ 2 =2, 1<dimy) ) <2

If dim J4’E(8’§) = 2, then this Jacobi form has the Fourier expansion

F467'5—qz Z+O

24/ 4//

Let v» € Eg of norm 2. Then
Fao(r,2v2)/ A% (1) =B+ ...+ O(q) € J%06, contradiction!
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The space of W/(Eg)-invariant Jacobi forms of small index [EEEERCII RN BT R ICI

Differential operators

Lemma

Let p(7,3) = 3 f(n, €)™ (nm+(t3)) ¢ JK’EZ"/EEE;). Then we have

Hi(e)(7,3) = H(p) + W (Es)

12 EZ(T)SO(T>5) € k-+2,Eq,t
1 .
He)(m3) =D ) {n -5 z)] F(n, £)e2™ (D))

neN (eEg

where Ex(1) =1—24%_ -, 0(n)q" is the Eisenstein series of weight 2.
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The space of W/(Eg)-invariant Jacobi forms of small index [EEEERCII RN BT R ICI

To determine the possible minimum weight (index 3)

Claim: The minimum weight of weak Jacobi forms of index 3 is —8.

If there exists a weak Jacobi form ¢ of weight 2k < —8 and index 3 whose
q%-term is not zero, then we can construct a weak Jacobi form of weight
—10 and index 3 whose g°-term is not zero. In fact, this function can be
constructed as E_19_px¢ if 2k < —14, or H_12(¢) if 2k = —12. We now
assume that there exists a weak Jacobi form ¢ of weight —10 and index 3
whose g°-term is represented as

[¢]q0 = 240c0 + 1 Z +o Z +c3 Z +cy Z )
2 4 6 Y

By means of the differential operators, we construct ¢_g = H_19(¢),

¢—6 = H_g(¢—8), ¢—4 = H_6(¢—6) and H_a(¢—4).
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The space of W(Eg)-invariant Jacobi forms of small index The proof of main theorems

They are respectively weak Jacobi forms of weight —8, —6, —4, —2 with
q°-term of the form (order: 240cp, €1 > 0, C2 Y 4, C3 D 65 Ca D g1)

weight —10: (31J)?:1 =(1,1,1,1,1)

18 — 2 —1
weight —10+2(i—1)2 a,"j—( B I—'/3 >a,-_1J

where 2 < j <5, 1< <5, For these Jacobi forms, if we take 3 = 0 then
their g%-terms will be zero. We thus get a system of 5 linear equations
with 5 unknowns

Ax = 07 A= (ai,j)5><5a X = (COa C1, €2, C3, C4)t'

By direct calculations, this system has only trivial solution, which
contradicts our assumption. Hence the possible minimum weight is —8.
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The space of W/(Eg)-invariant Jacobi forms of small index [EEEERCII RN BT R ICI

Uniqueness of weak Jacobi form of weight —8 and index 3

Suppose that ¢ is a weak Jacobi form of weight —8 with g%-term
240¢y) + 1 Z +co Z +c3 Z +cy Z .
2 4 6 g/

We can construct weak Jacobi forms of weight —6, —4, —2 with g%-term
weight —8: (b1j)j—y = (1,1,1,1,1)

16-2;/ j—-1
weight —842(i—1): b;JZ( 612 I—J3 )bi—lJ

where 2 << 4,1 < <5 Then we can build a system of 4 linear
equations with 5 unknowns

Bx = Oa B = (bi,j)4><57 X = (C07 1, €2, C3, C4)t- (1)

We found that (¢, c1, &2, 3, ¢c4) = (1,—4,6,—4,1) is the unique nontrivial
solution. Therefore, the weak Jacobi form of weight —8 and index 3 is
unique if it exists.
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The space of W/(Eg)-invariant Jacobi forms of small index [EEEERCII RN BT R ICI

Uniqueness of weak Jacobi form of weight —6 and index 3

If there exists another weak Jacobi form of weight —6, we assume
[flo =240+ 1y _+c2 > +c3 ) #0.
2 4 6

Once again, we construct weak Jacobi forms of weight —4, —2 and 0 with
q°-terms

weight —6: (Cl,j)j}:1 =(1,1,1,1)

9—i—2j

weight —6+4+2(i —1): Cij= 6 Ci—1,j

where 2 < j < 4,1 <j<4. Foreach Jacobi form of negative weight, if
we take 3 = 0 then its g%term will be zero. Hence we have

4
ZC[JC‘J'_;[:O, 1</ <3
Jj=1
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The space of W(Eg)-invariant Jacobi forms of small index The proof of main theorems

Lemma
Let ¢ be a W(Eg)-invariant weak Jacobi form of weight 0 and index t.

Then
2ty F(0,0) =33 £(0,0)(£, ).

leEg leEg

For the Jacobi form of weight 0, by the lemma we have

4
212 6JC4’JCJ1—0
j=1

We thus get a system of linear equations of 4 x 4. By direct calculations,
we obtain ¢; = 0 for 0 < j < 3, which contradicts our assumption.
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The space of W(Eg)-invariant Jacobi forms of small index The proof of main theorems

The proof of the case of index 3

Our main theorem shows that J:VE%ES) is a free M,-module generated by

five weak Jacobi forms. It is obvious that ¢_g3, ¢_63 and ¢_43 are
generators. Since ¢_» 3 is independent of Egp_g3 and Esp_g 3, the
function ¢_» 3 must be a generator. Moreover, g 3 is also a generator on
account of [pg3]0(7,0) # 0. We then conclude the eager result:

W(E
J:,/}:'SG( 8) _ M. (o8 3,063, P—43, P-23,903)-
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The cases of index 5 and 6

Pull-backs of Jacobi forms

Trouble: When the index is larger than 4, the absolute value of minimal
weight will be less than the maximal norm of Weyl orbits appearing in

q%-terms, which causes our previous approach to not work well because
there is not enough linear equation in this case.

Let ¢ € JXV}:-ZVt(ES) and v4 be a vector of norm 4 in Eg. Then the function

(T, zva)

is a weak Jacobi form of weight k and index 2t.
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The cases of index 5 and 6

Let ), be a Weyl orbit associated to v:

E #W Zexp(27r/ ),3)).

JEE

Since the Weyl group W(Eg) acts transitively on the set Ry of vectors of

norm 4 in Eg, we have

Z(ZV4 Z exp(2mi(o(v), va)z)

v UGE

#VQV(ES Z exp(2mi(v,o(v4))z)
o€kEg

240
7+ Ra

In view of this fact, we define

Z exp(2mi(v,1)z).

/ER4

max(z, va) = max(v, Ra) = max{(v,/): | € Rs}.

v
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max(z, vg) =2

2
max(z, v4) =5
8/
max(z, va) =6
12
max(z, va) =8
16/
m:snx(z7 v4) =6
18"
max(z, vs) =9
2/
max(z, va) =9
24/

The cases of index 5 and 6

max(z, va) =4
max(z, vs) =4

8//

max(z, va) =7

14/

max(z, vg) =17

16//

max(z, v4) =8

20/

max(z, vs) =8

22//

max(z, va) = 10

26/

Weyl invariant Eg Jacobi forms

max(z, va) =4
6

max(z, v4) =6
10

max(z, va) =6

14

max(z, va) =8

18/

max(z, v4) =8

20"

max(z, vs) =8

24/

max(z, v4) =9

26//
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The cases of index 5 and 6

Possible minimum weight in the case of index 5

1) Assume that ¢ = 3, 4+ 4+ O(q) € J"3W ) with k > 0. Then we
22 2k,Eg,5

have
p(r,zva) = (0 + -+ 0(q) € Ik 10

Since Jivzk,lo = qb’im . J(‘J":loik, we have 10 — kK > 0. But when k=9 or
10, the spaces J%y 15 and J¥4 1, are all generated by one function with

leading Fourier coefficient (=10, which contradicts the Fourier expansion of
&(7, zva). Therefore, we get k < 8 i.e. —2k > —16.

(11) Assume that ¢ € Jivzzvéfsg has no Fourier coefficient )., in its

q%-term. The function A%¢ € J;Xgi)t-g 5- I'hus we have 24 — 2k > 6 i.e.

—2k > —18.
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The cases of index 5 and 6

(111) Assume that ¢ € Jivz‘;VI(ESEE’S) has no Fourier coefficients ) ©,,, and 5
in its g%-term. Then the function n**¢ is a W/(Eg)-invariant Jacobi cusp
form of weight 22 — 2k and index 5 with a character. From the singular
weight, it follows that 22 — 2k > 4 i.e. —2k > —16.

(1V) Assume that ¢ € Ji";:/éf%) has no Fourier coefficients > 5/, > 5o
and 3o in its g%-term. Then the function 7*%¢ is a W/(Eg)-invariant
Jacobi cusp form of weight 20 — 2k and index 5 with a character. It
follows that 20 — 2k > 4 i.e. —2k > —14.
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The cases of index 5 and 6

Theorem

w,W(Es)

dim S %) =0, if —2k <20,
dim Sy 08 < 1,

. w, W (Es)
dim J—16,E8,5 <3.
Moreover, if the W (Eg)-invariant weak Jacobi form of weight —18 and
index 5 exists, then its q°-term has no Fourier coefficient ", and
contains Fourier coefficient y .

Remark: We do not know if the W/(Eg)-invariant weak Jacobi form of
weight —18 and index 5 exists. But the W/(Eg)-invariant weak Jacobi
forms of weight —16 and index 5 do indeed exist.
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Outlook

@ Determine the generators of the space of W(Eg)-invariant weak
Jacobi forms of index 5, 6, ....

@ Want to know whether the bigraded ring JuW(E)

. Eg is finitely
generated over M, or not.
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Thanks for your attention!
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